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Abstract 

We discuss compact four-dimensional Zjv x T^m type IIB orientifolds. We take a 
systematic approach to classify the possible models and construct them explicitely. 
The super symmetric orientifolds of this type have already been constructed some 
time ago. We find that there exist several consistent orientifolds for each of the 
discrete groups Z2 x Z2, Z2 x Z4, Z4 x Z4, Z2 x Ze, Z2 x Zg and Ze x Ze if anti- 
L'S-branes are introduced. Supersymmetry is broken by the open strings ending on 
antibranes. The rank of the gauge group is reduced by a factor two if the underlying 
orbifold space has discrete torsion. 
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1 Introduction 



Type IIB orient if olds JI], Q provide a promising framework for semi-realistic model building. 
D = 4, TV = 1 type IIB orientifolds are well studied by now [§, |, §, |, 0, |, g |IU[ |TT|. 
In contrast to heterotic orbifolds, the action of the orbifold group on the gauge degrees of 
freedom of orientifolds is rather constrained and in many cases even uniquely determined 
due to the RR tadpole cancellation conditions. For some discrete groups that lead to D = 4, 
M = 1 heterotic orbifolds there is no consistent supersymmetric orientifold at all. Some 
of the tadpole conditions vanish in the limit where the internal orbifold space gets very 
large. This allows for many additional consistent orientifolds. An important subset of non- 
compact orientifolds were classified in [|12]. The action of the orientifold group F x {11,^2} 
on the Chan-Paton matrices is specified by choosing a projective real representation 7 of the 
orbifold group F |T2[. If F contains elements g of even order, i.e. the smallest positive 
integer iV, such that = e, is even, where e is the neutral element of F, then there are 
two inequivalent choices for the representation matrix: 7^ = I, with /i = ±1. Orientifold 



models with /i = +l(yU = — 1) have been called to have (no) vector structure in If F 
contains two generators g, h of even even order, then it is possible to have non-commuting 
7 matrices: 'jg'jh = ^Ihlg- Orientifolds with e = — 1 have discrete torsion in the sense of 



I5|, p!6|. Thus, to each orbifold group F with two generators of even order, there correspond 



eight non-compact orientifold models, characterised by the three signs /ig, Hh and e. If the 
internal space is compact and only D-branes with positive RR charge are present, then only 
the choice /i^ = /x/j = e = — 1 is consistent 0, §[. It is not possible to cancel the tadpoles for 
the remaining seven models. 

A striking feature of orientifolds is the existence of a natural mechanism to break su- 
persymmetry by introducing antibranes [O, ITS]. The negative RR charge changes the GSO 
projection for open strings stretched between branes and antibranes, and in the antibrane- 
antibrane R sector it changes the f2-projection. As a consequence, the fermionic spectrum 
generically differs from the bosonic spectrum in the antibrane sectors of the orientifold. This 
has led to orientifold models that come very close to the non-supersymmetric Standard Model 
||19|| . The presence of two types of D-branes, with positive and negative RR charge, gives 
rise to many new consistent orientifolds. Indeed, the tadpoles of most of the non-compact 



models constructed in 12 1 can also be cancelled in the compact case if antibranes are in- 



troduced. The non-supersymmetric Z2 x Z2 orientifold models have been analysed in [20 



A supersymmetric version of these orientifolds is possible if D5-branes with negative NSNS 



and RR charge inside D9-branes with positive charges are introduced |11 



The aim of this paper is to classify the possible Ln x Lm orientifolds with M = 1 
supersymmetry in the closed string sector and to determine their spectra explicitely. This can 
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be viewed as a generalisation of the work of |2T| to type IIB orientifolds. For discrete groups 
Zat X Zm, with and M odd, there is only one compact orientifold: the supersymmetric 
Z3 X Z3 constructed in the second ref. of ||^. For each of the two discrete groups Z2 x Z3 
and Z3 X Zq, there are two orientifold models, with and without vector structure. The 
cases without vector structure contain only positively charged Z)-branes. They have been 
constructed in 0. The ^2X^3 = Zg orientifold with vector structure has been analysed in 



Tl| . Therefore, we restrict ourselves to even N and M in this article. 

As stated above, there are eight orientifold models for each discrete group. However only 
six of them are inequivalent for Z2 x Z4 and Z2 x Ze, and only four of them are inequivalent 
for Z2 X Z2, Z4 X Z4, Z2 X Zg and Ze x Ze- The orbifold groups containing a Z4 factor are 
special in some respects. It is not possible to build the corresponding orientifolds if only 
positively charged D-branes are present p|. The reason is that there exists no projective 
representation of Z^v x Z4 on the D9-branes and D5j-branes, z = 1, 2, 3, that respects all the 
consistency constraints. We will see below that the the tadpole amplitudes only factorise 
if the charges ai of the three sets of Z)5j-branes satisfy aia2a^, = —1. Thus, all consistent 
Zat X Z4 orientifolds necessarily involve D5j-branes with negative RR charge. Surprisingly, 
we find that even if antibranes are introduced, only the models with vector structure in the 
Z4 factor have a solution to the tadpole equations.^] 

There are many phase factors (more precisely, signs) that appear in type IIB orientifolds. 
In section we explain their significance and classify the inequivalent models. In particular, 
we discuss the relations between vector structure, discrete torsion, D-brane charges and O- 
plane charges. In section ^, we review and generalise a straightforward method to construct 
supersymmetric and non-supersymmetric type IIB orientifolds. The closed string spectrum 



is determined using the orbifold cohomology |2^, |23|, |T2[. To obtain the open string spectrum, 
we generalise the algorithm developed in [|l^ based on quiver theory 0] and on the formalism 
of [|l3l. We also give the general formulae for the tadpole cancellation conditions including 
all the possible sign factors. The algorithm described provides a useful tool for orientifold 
model building, especially if implemented in a computer algebra program. The complete 
spectra of the models discussed are presented in section ^. In two appendices, we explain 
how to obtain the Hodge numbers of orbifolds with and without discrete torsion using the 
cohomology and the closed string spectrum using the shift formalism. 



^This statement is valid if no Wilson lines are present. There might well be consistent Z^r x Z4 orientifolds 
without vector structure in the Z4 factor when appropriate Wilson lines are added. In this article we only 
consider models without Wilson lines. 
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2 Phase factors in orientifolds 



Due to the fact that the 7 matrices form a projective representation of the orbifold group 
r |T^, there appear many phase factors in the expressions relevant to type IIB orientifolds. 
These phases are normally chosen to take some convenient values. 

In this section, we want to answer the question how many inequivalent choices there are. 
To this end, we first include all possible phase factors and then identify the factor systems 
that lead to equivalent models. 



2.1 Discrete torsion on orbifolds and orientifolds 

We briefly review some basic results about discrete torsion.0 In the closed string sector of 
orbifold theories, discrete torsion appears as phases Pg^h in the one-loop partition function 



^ = ^ E PaAZ{g,h), (2.1) 

where Z{g, h) is the contribution of the {g, /i)-twisted sector and F is the orbifold group. 
The discrete torsion phases must satisfy 

= 1, (3g,h = (3;^' f3g,hk = ^Ak yg,KkeT, (2.2) 



to be consistent with modular invariance |jT5[. If we restrict ourselves to Abelian orbifold 



groups and to complex three-dimensional internal spaces, then discrete torsion is only pos- 
sible for r = Zat X Zm- Let gi, g2 be the generators of Zat, Za/ respectively, p = gcd(A^, M) 
and e = e^'^™/^, with m = 1, . . . ,p. If we choose /3gi,g2 = e, then all the other phases jSg^h are 
fixed by (|2.2|) . Introducing the notation (a, b) = g^g^ for the elements of F, they read 



l3{a,b),{c,d) = e'"^ (2.3) 

In the following, we will characterise the discrete torsion either by the parameter e of ( |2.3| ) 
or by the number s, defined as the smallest positive integer such that e'^ = 1. 

The matrices 7^ that represent the action of the elements g of the orbifold group F on 
the Chan-Paton indices of the open strings form a projective representation: 

7g7h = «5,/^7g/^, (2.4) 

where ag^h are arbitrary non-zero complex numbers. They are called the factor system of 
the projective representation of F. Discrete torsion in the open string sector means that the 



^For a recent geometric treatment of discrete torsion, see 
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matrices jg do not commute. More precisely [0, this non-commutativity is controlled 
by the phases Pg^h defined above 

73 7/1 = P9,hlh7g- (2.5) 

Two matrices 7^ and 7^ are considered projectively equivalent if there exists a non-zero 
complex number pg such that ■jg = Pg'jg. In general, the projective representations 7 and 
7 have different factor systems, but they have the same discrete torsion phases f3g^h- From 
(0) and (|2J), we find 

To perform explicit calculations, it is convenient to choose a specific factor system. We 
choose the h in (p.4|) such that 



{l9.T{l92f = lglgl. « = 1, . . . , iV, 6 = 1, . . . , M, (2.7) 

where (/i, (72 are the generators of Z^v x Lm- This choice is possible for each equivalence 
class of factor systems. Moreover, all the remaining phases ag^h are then determined by the 
parameter e. We find 

^919^914 = ^~^^^gl+^g''+^- (2-8) 

We conclude that for a Zat orbifold all the possible choices of factor systems ag,h in 
( ^.51 ) are equivalent. For Zat x Lm orbifolds, there are p/2 + 1 (if p is even) or (p + l)/2 
(if p is odd) non-equivalent choices, parametrised by e = e^'^*™/^, m = 0, . . . , [p/2], where 
p = gcd(A^, M). (Note that e and lead to equivalent orbifolds.) 

In orientifold models, the matrices 7^ have to satisfy the additional constraint 0, |T2 



lnl*gln^ = c6g-fg, (2.9) 

where 7^ = cj'^ is the matrix that represents the action of the world-sheet parity Q on the 
Chan-Paton indices and 6g is a new phase, defined by 

lng^ng = SgilJf. (2.10) 

It is easy to see that one can always choose 6g = c \/ g. Consider the redefinition 7^ 
jg = Pg'jg, where the phases Pg satisfy PgPh = Pgh- This redefinition leaves ( p.4|) and ( |2.7| ) 
invariant and therefore does not modify the factor system oig^h- Now, choosing pg = \Jc6g 
and using c = ±1, we find from ( |2.9| ) that 5g = c. 

The condition ( |2.9|) together with c6g = 1 tells us that the matrices 7^, form a real or 
pseudo-real projective representation of F |jl3|, [l2 |. 

In general, there are several sets of Z^p-branes, p = 9,5i,52,53, and correspondingly 
several sets of 7 matrices, 'jg^p, 7^,^. It turns out (e.g. when considering tadpole cancellation) 
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that the discrete torsion parameter e cannot be chosen independently for the different sets 
of 7 matrices. There is only one e which is the same for all p. Furthermore, the coefficients 
Cp, defined by 7^^^ = Cp'-y^i^p, cannot be chosen at will. Tadpole cancellation requires^ Cg = 1 
and a consistent coupling of the strings stretching between 9- and 5j-branes implies 

C5i = C52 = C53 = -Cg. (2.11) 

These constraints can be circumvented in models similar to the one proposed by the authors 



of [p7| , p8| . However, such models are only consistent if all matter at integer mass levels in 
the 95i sectors is projected out. We will therefore discard this possibility in the following. 

As a consequence of the reality condition ( |2.9| ), the discrete torsion parameter e can only 
take the real values ±1 in the orientifold case |jl2|. At this point, we might conclude that 
there are only two non-equivalent orientifold models corresponding to each discrete group 
Zat X Za/. But we will see in the next subsection that there are more possibilities. 



2.2 Vector structure 



For r = Zat, the identity gi = e, where gi is the generator and e the neutral element of Zat, 
translates to 

(7gJ^ = /iI, with /i G C* (orbifold) or /i e IR* (orientifold). (2.12) 

In the orbifold case, this can be brought to the form (7gJ^ = E by redefining the 7 ma- 
trices. In the orientifold case, such a redefinition is only possible for odd (7^,^ 7^^ = 
sgn(/i)|/i|~-'^/^7gJ. If A^ is even, the two cases /i = +1 and /i = — 1 are not equivalent be- 
cause (7gi)^ = —I cannot be brought to the form (7gi)^ = E by multiplying 7^^ with a real 



number. For the factor system of (2/7), this means that 7gjv = /i7e. If /i = —1, then the 



matrices jg represent the elements of F only 2:1. This class of orientifolds has been called 



to have no vector structure in [O 



For Zat X Zm orientifolds, the notion of vector structure can be defined for each of the two 
factors of the discrete group separately.0 There are four inequivalent models, characterised 
by fi3,p = ±1, fii,p ± 1, where 

ilgupf = f^3,P I, il9.,pf' = f^l,P I- (2.13) 

The indices i = 1, 3 on fii^p refer to the fact that, in our conventions, gi fixes the third 
complex plane and g2 fixes the first complex plane. The index p = 9,5i,52,53 indicates 
■^if no anti-DO-branes are present 

''Strictly speaking, a Zn x Zm orientifold only has vector structure in the sense of if (7gi)^ = 

ilg^Y' = I and e = 1. We use the word 'vector structure' in a generalised sense. 
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which set of Dp-branes is considered. We will see below that the signs /ij p cannot be chosen 
independently for each set of Dp-hranes. Indeed, the choice of /ii^g and yUs^g fixes all other 

We conclude that to each x Em orientifold there correspond eight distinct models 
characterised by the three signs /xi^g, fi^^g and e. 



2.3 Phases in the open string one- loop ampUtudes 



The three open string one-loop amplitudes that contribute to the tadpoles — the cylinder, 
the Klein bottle and the Mobius strip — contain additional signs. However, the requirement 
of tadpole cancellation relates these signs to /ii g, /is 9 and e. 

In the following, we label the elements of En x Em by the two- vector k = {a,b), a = 
0, . . . , A^— 1, 6 = 0,..., M— 1. We define Sj = sin^irk-Vi), Ct = cos{7rk-Vi) and Sj = sm{2Tik-Vi), 



as in section 3.3 below. 



The RR part of the cylinder amplitude can be written in the form |T^, |TI 

1 



C 



(Af-1,A/-1) 

E c 

fc=(0,0) 



(fe) 



(Af-1,A/-1) 

E 

fc=(0,0) 



8S1S2S3 



Tr7fc,9 + 4Eai SjSkTiTkA 



i=l 



(2.14) 



where we suppressed the volume dependence.^ The indices j, k take values such that {ijk) 
is a permutation of (123). The signs weight the 95j sectors relative to the 99 and 5j5j 
sectors. They are related to the Z)-brane charges. If the Z)9-branes have positive RR charge, 
then Qfj is the RR charge of the D5j-branes. 

The RR part of the Klein bottle amplitude can be written in the form: 



/C 



{N-1,M-1) 

E ^ 

fc={0,0) 



(k) 



{N-1,M~1) 

E 

fe={0,0) 



3 3 



=1 Si 



1=1 



(2.15) 



The sign weights the i^^ order-two twisted sector relative to the untwisted sector.^ It is 
related to the 0-plane charges. If the 09-planes have negative RR charge, then is (half) 
the RR charge of the 05j-planes. 

The RR part of the Mobius strip amplitude can be written in the form: 



M 



(Af-1,A/-1) 

E M 

fc=(0,0) 



(fc) 



(2.16) 



^In sectors with fixed planes, this formula has to be modified as explained in appendix B of |Tl| |. 
^These signs were introduced in the twisted Klein bottle amplitude by the authors of |Q. Note that the 
of lEOl are —Ci in our notation. 
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(Af-1,M-1) r 3 I 3 2 

= E -8 n ^ Tr (7^97^^) - 8 S ^ Tr (7^5.7^^,5, 

fe=(0,0) L '=^^^* 

From the interpretation of these open string one-loop amphtudes as closed string tree- 
level exchange between D-branes and 0-planes, it is clear that the tadpoles must factorise, 
i.e. C + }C + Ai can be written as a sum of squares. More precisely, we need 

3 3 

C(2k) + !<^{k) + J2^{Uh) + -^{k) + Yu-^ik+h) = [•••]^ (2-17) 

i=l i=l 

where ki denotes the order-two twist that fixes the i^^ complex plane. This implies a relation 
between the and the vector structures and discrete torsion, defined above. We find |]12| 

Q = l^i,9 = /^i,5, = -/^i,5,-, ^ = 1,3, j ^ i, €2 = eies e^^^^/^ (2.18) 

A further constraint on the signs arises from the requirement of tadpole cancellation in the 
untwisted sector: 

ei = -ai, t = 1,2,3. (2.19) 

This means that the tadpoles can only be cancelled if the RR charge of the 05j-planes (e^) 
is opposite to the RR charge of the D5j-branes (a^). 

We conclude that the signs are not independent parameters. As stated above, there 
are eight distinct Zat x Zm orientifolds. They can be characterised by fii^g, fi^^g and e. Note 
that the three signs are only independent if N and M are not multiples of four. 



3 Construction of the models 

We consider compact orientifolds of the form T^/(T x {I, f2}), with T = Ln x Lm, N,M 
even. The six-torus is defined as = C^/A, with A a factorisable lattice, i.e. it is the direct 
sum of three two-dimensional lattices. The world-sheet symmetry VL is of the form 

Vt = VloJT, (3.1) 

where VLq is the world-sheet parity and the operator J exchanges the fc*^ and the (A^ — 
twisted sector [Q. The operator T acts as — e^l on the (7-twisted states if g is an order-two 
twist that fixes the i^^ complex plane and as the identity on the remaining states.Q The signs 
Ci are defined in ( |2.15| ). 

^Thc analogous operator in I? = 6 was discussed by the authors of ^ when analysing a new Z2 
orientifold. 
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The action of F on the coordinates (^1,^2, 2:3) of can be characterised by the twist 
vectors v = {vi,V2,V3), w = (^1,^2,^3): 



Qi ■ Zi — ^ e Zj, g2 ■ Zi — > e Zi, (^o./j 

where gi,g2 are the generators of V and I]f=i "^i = Z]f=i = to ensure A/" = 1 supersym- 
metry of the closed string sector in D = 4. Not all possible shifts correspond to a symmetry 
of some lattice. Indeed, there is a finite number of Zat x Za/ orbifolds [^. For even and 
M, there are only 6 models: Z2 x Z2, Z2 x Z4, Z4 x Z4, Z2 x Ze, Ze X Zg, with twist vectors 
V = 1/A^(1,-1,0), w = 1/M(0,1,-1), and Z2 x Zg with twist vectors v = 1/A^(1, -1, 0), 
w = 1/M(— 2, 1, 1). We chose the twist vectors such that g^^"^ fixes the third complex plane 
and g2^^'^ fixes the first complex plane. 

Supersymmetric compact Zat x Zm orientifolds have been discussed in |, ||, 0. The 
author of found that the models with discrete groups Z2 x Z4 and Z4 x Z4 are not 
consistent because the algebra of 7^^^ and •jg^p, where p = 9, 5j, seems to imply that 7/5^9 
is antisymmetric, where R is an order-two twist. It turns out that there is no projective 
representation of Zat x Zm, with 7/^ 9 antisymmetric, if and/or M is a multiple of four 
0]. However, the condition that 7/^ 9 be antisymmetric can be escaped if the action of the 
operator T (i.e. the signs e^) in is modified. We will see that there are solutions to the 
tadpole equations for all orbifold groups Zat x Z a/ if one chooses the appropriate signs e^. 

In this section, we sketch the basic steps to construct Zat x Za/ orientifolds. We explain 
how to obtain the closed string spectrum, the open string spectrum and the tadpole cancel- 
lation conditions. This is very similar to, and in fact a straightforward generalisation of, the 



method presented in [11|. 



3.1 Closed string spectrum 

The closed string spectrum can be obtained from the cohomology of the internal orbifold 
space |22, 23, 12, 11]. In appendix ^, we explain in detail how to obtain these numbers and 



the explicit contribution from each twisted sector. The results are shown in tables |l| and ^ 
For completeness, we also give the Hodge numbers of Z3 x Z3 and Z3 x Zg. An alternative 
method to obtain the closed string spectrum is presented in appendix B. 

Let us remark that the Hodge numbers of tables |l] and ^ directly give the closed string 
spectrum of the orbifold. It is obtained by dimensionally reducing to = 4 the massless 
spectrum of type IIB supergravity in D = 10: the metric g, the NSNS 2-form B, the dilaton 
(f), the RR- forms C'^^\ C-^^ C'^^\ (We only give the bosons, the fermions are related to them 
by supersymmetry. ) The Lorentz indices of the lOD fields are contracted with the differential 
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but not 
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total 
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48 


— 
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!7 
IL2 


X ^4 
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34 
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1 











1 
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18 








21 
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77 
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1 
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22 


10 
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2 





3 






-1 




3 
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8 


19 
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14 


4 
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15 


36 
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3 








12 


15 













15 








15 
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1 
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— 


54 


27 


84 













— 















g±27ri/3 




3 


— 








3 













— 


27 





27 






1 




3 


4 


36 


30 


73 













1 








1 






g±27ri/3 




3 


4 





6 


13 













1 


12 





13 



Table 1: Contribution from the different sectors to the Hodge numbers of Zat x Zm orbifolds 
with and without discrete torsion. 
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n 

u 
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3 
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Table 2: Contribution from the different sectors to the Hodge numbers of Zat x Za/ orbifolds 
with and without discrete torsion, (continued) 

forms of the internal space. The resulting spectrum has M = 2 supersymmetry in D = 4. 
For a general configuration one finds (see e.g. 0, [3T||): 



• a gravity multiplet (consisting of the graviton, a vector and fermions) 

• a double tensor multiplet (consisting of two 2-forms, two scalars and fermions) 

• h^'^ tensor multiplets (consisting of a 2-form, three scalars and fermions) 

• h?'^ vector multiplets (consisting of a vector, two scalars and fermions) 

To obtain the orientifold spectrum, one has to perform the ^-projection. In the following, 
we will denote an element g = g^g2 of Z^v x Lm by the two- vector k = (a, b), i.e. (0, 0) is the 
neutral element, (1,0) is the generator of En, (0, 1) the generator of Em, etc. As explained 



in |]12|, |rT|, it is convenient to split the sectors into three different types: 
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(i) The untwisted sector (k = (0, 0)), it is invariant under J and T. The bosonic fields in 
D = A are found contracting the Lorentz indices of the fi-even lOD fields g^^, 0, Cj^J with 
the harmonic forms corresponding to h^'^, /i^ntw) ^uiitw 

(ii) The order-two sectors {h = (0,M/2), h = {N/2,M/2), h = {N/2,0)), they are 
invariant under J but acquire an extra sign — ej under the action of T. In the sector ki, 
one has to distinguish the two cases = ±1. If = —1, then the f2-even lOD fields 

(j), Cj^J are contracted with h^^ , h^^. If ej = +1, then the fi-odd lOD fields B^,^, C^^Jp^ are 
contracted with , h^'^. 

(iii) The remaining sectors. To get the fields in D = 4, one forms linear combinations 
of the harmonic forms that belong to the k^^ and {N — k)^^ twisted sector. The J-even 
forms are contracted with the fi-even lOD fields and the J-odd forms are contracted with 
the fi-odd lOD fields. 

The spectrum fits into Af = I supermultiplets. In total, one finds: 

(i) the gravity multiplet, a linear multiplet, (/i^'^ + /i^'^)untw chiral multiplets. 

(ii) for each i = 1,2, 3: h^^+h^^ chiral multiplets if = —1 and h^^ linear multiplets 
and h^^ vector multiplets if = +1. 

(iii) if the fc-twisted sector has fixed planes, then there are ^h^'^ linear multiplets, ^h'^'^ 
vector multiplets and \{h^^ + h^'^) chiral multiplets, else one has h^^ linear multiplets. 

As explained in orbifolds with non-real discrete torsion have twisted sectors k, where 
h'^^ 7^ '^^^ world-sheet symmetry Q, eq. ( p.l|) , is not a symmetry of such orbifolds. 

Therefore, consistent orientifolds can only be constructed from orbifolds with discrete torsion 
e = ±1. 

3.2 Open string spectrum 

There are 32 D9-branes and 32 D5j-branes for each i = 1,2,3. The index i indicates that 
the 5j-branes fill the four non-compact directions and the i*^ complex plane. 

The action of F on the Chan-Paton indices of the open strings is described by a projective 
representation 7^^^ that associates a (32 x 32)-matrix 7g.p to each element g of T, where 
p = 9, 5i denotes the type of Z^-brane the open strings end on: 

7^^) : r — > GL{32,(C) (3.3) 

9 I — > lg,p 

Because of the orientifold projection, this representation must be real or pseudo-real. In 
general, 7*^^-* can be decomposed in irreducible blocks of real {R"), pseudo-real {EF) and 
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complex (i?*^) representations p3[] : 



7 



(p) 



/2 



(3.4) 



In this expression, the notation riiRi is short for Ri C?> In,, i-e. ri/ is the number of copies of 
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the irreducible representation (irrep) Ri in 7*^^^ 

Let us first consider the 99 and 5j5j sectors. The projection on invariant states of the 
Chan-Paton matrices A^^-* that correspond to gauge bosons (NS sector) and their fermionic 
partners (R sector) in D = 4 imposes the constraints (see e.g. p!8| ) 



A(o) 



7.,pA(^,-^ 



9>P' 



-oip 7n,p 



A(o) 



7c,p5 



(3.5) 



where Op is the charge of the Dp-branes. More precisely, if we consider the fermionic (bosonic) 
components of A*-'^-' in ( p.5|) , then ap is the RR (NSNS) charge. The sign ap in ( p.5|) can be 
explained as follows. In it was found that the action of Q acquires an additional minus 
sign in the R sector if the RR charge of the Dp-branes is reversed. This change in Q manifests 
itself in the Mobius strip amplitude which is proportional to the RR charge of the Dp-branes. 
It is easy to see that a sign flip in the NSNS charge leads to an additional minus sign for the 
action of Q in the NS sector. 

Let us make some further comments on a^^. Supersymmetry breaking is a consequence of 



the fact that the RR charge of the antibranes differs from their NSNS charge. In |TT|, it was 



shown that a supersymmetric version of the orientifolds discussed in pO| is possible if instead 
of antibranes one introduces a new type of D-branes with negative NSNS and RR charge. 
These objects — called D5^-branes in — live inside Z?9-branes with positive NSNS and 
RR charge. It is not yet clear, whether D5~-branes exist in string theory. However, we would 
like to stress that once the possibility of a sign flip in the NSNS charge is accepted everything 
fits nicely together. Orientifolds involving D5~-branes have the same fermionic spectrum as 
their non-supersymmetric analogues based on antibranes. The sign flip in the NSNS charge 
leads to modified projection conditions for the bosons which results in a supersymmetric 
spectrum. 

The constraints ( p.5| ) are easily solved. One finds that the gauge group on the Dp-branes 

m 



IS 



Gip) = USOiniJxllUSpi 



n'. 



if 7n,i 



«r 7n,p and 



Gip) = IlUSpinl) xllSOinl) xllUin'iJ 

h h '3 



(3.6) 



(3.7) 



12 



if 7q,p = ~Q^p^7op- The fermions transform in the same representation as the gauge bosons 
if the gauge group is unitary or = a^^, else they transform in the symmetric (antisym- 
metric) representation if the the gauge bosons transform in the antisymmetric (symmetric) 
representation. 

In our case, F = x ^m- There are NM/s^ irreps, all of them s-dimensional, where 
s is the smallest positive integer such that e'^ = 1 In the case without discrete torsion, 
e = s = 1, they are of the form 

RkAai) = 6-^(2^+"^)/^, R,,i{g,) = e-(2^+'^^)/^, (3.8) 

with = 0, . . . , - 1, / = 0, . . . , M - 1, 

where 171/2 = or 1, depending on whether the first /second factor of the discrete group has 
vector structure or not. One has r/i = (1 — fi3p)/2, 772 = (1 — /ii,p)/2, where the /ij^p are 
defined in (|2.13|) . In the case with discrete torsion, e = — 1, s = 2, the irreps are of the form 
(see e.g. H) 

= e-(^^+^^)/^ J _° J , R,,ig,) = e-(^'+^^)/^ ( ! ^ ) ' ^^'^^ 

with k = 0,...,N/2-l, 1 = 0,..., M/2 - 1. 

The action of F on the internal is described by a representation Res'. 

-f. Rc3 — > SU{3) (3.10) 

9 I — ^ Rc-^ig) 

We write Rc3 = R^l © Rc^ ® Rc^ (this decomposition is possible whenever F is Abelian), 
where i?[^3 corresponds to the action of Rca on the i^^ coordinate of C^. In the notation of 
eq. (|3^), we have 

i?« (<7i) = e^™', R%{g2) = e2--^ (3.11) 

The matter fields corresponding to the i^^ complex plane are obtained from the projections 
(see e.g. 0, [18|) 

A« = i?g3(^7)79,pA«7,:;, V(7GF, A« = ap4Sn,pA«\i' (3-12) 

with r'^q = < ' ^ Pi _ f^-j^g^j-gQ Qf Dp-hiane. 

1+1 if p = 5j and j i 

In general, the fermionic spectrum (R sector) may differ from the bosonic spectrum (NS 
sector). In the R sector (NS sector) is the RR (NSNS) charge of the Z^p-branes. These 
equations can be solved using quiver theory p^, as explained in appendix A of [p!l[] . 
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Let us now consider the 95j and 5j5j sectors. The projection of the open strings A^^^'-*, 
stretching from 9-branes to 5j-branes, on F-invariant states reads (see e.g. 0, [T8[]): 

R sector: A(^^-) = (R^Ug))'-'^'/' %,9\^''Hk^ 

NS sector: A^^^') = (/?;^](^?))"^/^(/?[,^](^?))°^'/^,,9A(^^')7,1, (3.13) 

where (af ^) is the RR (NSNS) charge of the D5j-branes and {ijk) is a cychc permutation 
of (123). In the supersymmetric case = af^, the conditions on the fermionic and bosonic 
spectrum coincide as they should.0 Q relates the 95^ sector with the 5j9 sector and does 
not impose extra conditions on A^^^'-*. Similarly, the projection on the open strings 
stretching from 5j-branes to 5j-branes, on F-invariant states reads 

R sector: A^^"^^) = (i?g(^7))^"^</^p,5.A(^-^^)7-i., 

NS sector: A(^^^^) = {I^ig))^-f'/\l^{g))'^'^'/' %,^.^^'''^h;X, (3.14) 



The spectrum is easiest obtained using quiver theory, as explained in appendix A of [11 



3.3 Tadpoles 

In this subsection we give the tadpole cancellation conditions including all the possible 
signs that may appear in the different contributions.^ It is straightforward to obtain these 
conditions from the eqs. ( p.l4| ) - (|2.16|) using the methods described in [|12|, |TT], ^ . 



The elements of En x Za/ are labelled by the two- vector k = {a,b), a = 0, . . . , N — 1, 
6 = 0, . . . , M — 1. We define Si = sin(7rfc ■ Vi), Ci = cos(7rA; ■ Vi) and Sj = sin(27rA; ■ Vi), where 
V = {v,w) combines the two twist vectors of ( p.2|) . Let us comment on the various signs 
appearing in the tadpole contributions (see also section |^). 

• In the cylinder amplitude, weights the 95^ sector relative to the 99 and SjSj sectors. 
It gives the RR charge of the the D5j-branes. 

• In the Klein bottle amplitude, is related to the choice between the standard and 
alternative f2-projection, eq. (|3.1|). It gives (half) the RR charge of the 05j-planes. 



^In contrast to |Q, we choose all fermions to have positive chiralities, the fcrmions with negative chiralities 
being their antiparticles. 



^Note that R^l}s{g)R^ll{g)R%{g) = 1 is a consequence of ® i?ci(g) ® Rclig) G SU{'i) in ( p^ . 

lOWe restrict ourselves to the RR tadpoles. The formulae are valid if Z)9-branes and I?5i-branes or anti- 
Z)5i-branes are present. The NSNS tadpoles have exactly the same form if the signs a^, are now interpreted 
as the NSNS charges of the ZJSi-branes, 05i-planes respectively. 
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The signs /ij p and Cp are related to the symmetry properties of the 7 matrices. They 
are defined by (7(i,o),p)^ = l^3,p I, (7{o,i),p)^ = An.p I and 7f^p = Cp7n,p. 

The discrete torsion parameter e can only take the values ±1. It is defined in section 



2.1 



The sign Pi depends on the discrete torsion ( p.3|) via Pi = where ki is the order-two 
twist that fixes the i^^ complex plane. 



Factorisation of the twisted tadpoles requires |]T2| 



Q = fJ'i,9 = /ii,5, = -fJ'i,5j, ^ = 1, 3, j ^ i, €16263 = e-^'-f^/4. (3.15) 

The untwisted tadpoles can only be cancelled if 

tti = —ei, i = 1,2,3. (3.16) 

This is the statement that the D-brane charges must be opposite to the 0-plane charges in 
order to cancel the RR tadpoles. If the RR fiux can escape to infinity (non-compact cases), 
this condition can be absent. 

Furthermore, it is easy to see p[ that the action of on the oscillator part of strings 
stretching from 9-branes to 5j-branes is related to Cg and C5. by 

^^^|95, = CgCg^ = -1 (3.17) 

The last identity follows from an argument given in 0. In special orientifold models with 
no massless matter in the 95 j sectors, it is possible to have f^^lgs^ = +1, as shown in p7| , 



But in this article, we will stick to the standard fi-action. Moreover, in order to avoid the 
introduction of anti-D9-branes, we choose cg = 1. 

We are still free to choose the signs /ii,g, /is^g and e. All the other signs are then fixed by 
the above conditions: 

^^IqSj = ~Cg = C5^ = —1, j = 1,2,3 

/^i,9 = f^i,5, = -fJ'i,5j = -Oil = Cj, i = 1, 3, j 

-a^ = e^ = e,e^e~'''"\ (3.18) 

The tadpole cancellation conditions are: 

a) untwisted sector 

Tr7(o,o),9 = 32, a, Tr7(o,o),5, = 32c5^ei, i = 1,2,3. (3.19) 

b) twisted sectors without fixed tori, i.e. k ■ Vi mod Z: 
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• odd k: 

3 

Tr7fc,9 + Z!4a*SjSfcTr7fc_5^ = 0, (3.20) 

i=l 

where {ijk) is a permutation of (123). 

• even k = 2k': 

3 3 

Tr72fc',9 + ^4:aiSjSkTr'j2-k',5, = 'i2e~^'^^'^ (ciCaCg - ^ e^/^i QSj-Sfe), (3.21) 
i=i 1=1 

where Sj, Cj, Sj and (3i are evaluated with the argument k' = {k[, k'.^)- 
c) twisted sectors with fixed tori, i.e. k ■ Vi = Q mod Z: 



• odd k: 

Tr7fc,9 + 4aiSjSfcTr7fc^5, = 

"jTr7fc^5, = ±afcTr7^^5^ (3.22) 

The sign in the second fine depends on whether k-Vi'is even (upper sign) or odd (lower 
sign) . 

• even k = 2k', with k' ■ Vi = 0: 

Tr72fc',9 + 4aiSj5fcTr72fc,^5^ = S2 e^'''^^'^ {cjCk - eipi SjSk) (3.23) 
«j Tr 72fc/,5, - «fc Tr 72^,^5^ = -8 e''"'^'"''^ {ejf^j - ek(3k) 

• even k = 2k', with k' ■ Vi = ±|: 

Tr72p,9 + 4a,5,5fcTr72s,5, = ^32 e-^i^^e,-/?, + e^/?, 4) (3.24) 
a,-Tr72fc,,5^ +afeTr72s.,5, = ±8 e-'^^'^^ (1 _ g./^.) 

From ( p.l8| ), we see that the orientifolds corresponding to the discrete groups Ziv x Zm 
fall into two classes: (i) neither nor M is a multiple of four, (ii) and/or M is a multiple 
of four. If we want to introduce only standard D5j-branes with positive RR charge (i.e. 
ai = 1, i = 1,2,3), then the unique solution to the type (i) orientifolds is characterised by 
fJ'1,9 = fJ'3,9 = —1 and e = —1. These are the Af = 1 supersymmetric models discussed in 

^ §]. They have discrete torsion in the sense of ||16| , [121 which is evident from the fact 



that the rank of their gauge groups is reduced by a factor two. There are no models of type 
(ii) with only positively charged DSj-branes 0. However, many more consistent Zat x Zm 
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orientifolds are possible if one allows for antibranes. In these orientifolds, supersymmetry is 
broken by the open strings ending on antibranes. 

The DSj-branes may be distributed over different points in the j*^ and k^^^ internal torus. 
Of course the tadpole equations depend on the location of the 5-branes and not all configu- 
rations are consistent. The Klein bottle contribution to the tadpoles of the A;-twisted sector 
consists of an untwisted part lCo(k) and three twisted parts /Cj(fc) corresponding to the three 
order-two twists h = (0,M/2), fcg = {N/2,M/2), % = {N/2,0). The JCq contribution gives 
the term proportional to C1C2C3 in ( p.21|) , the /Cj contributions give the terms proportional 
to ei(3i CiSjSk- (Note that these terms are combined with the cylinder contribution to the 2k- 
twisted sector.) At each point of the internal space, the contribution ICoik) is only present 
if this point is fixed under k and the contribution /Cj(fc) is only present if this point is fixed 
under k + ki. Thus, the above tadpole cancellation conditions are strictly valid only at the 
points that are fixed under the whole Zjv x Za/. At points which are only fixed under some 
subgroup of Zat X Zjv/, these conditions have to be modified accordingly. 

One has to analyse the tadpoles at all the fixed points in each twisted sector. If the 
twisted sector under consideration has fixed tori extended in the i^^ direction, one has to 
analyse the tadpoles at each fixed point in the remaining two directions (i.e. the points where 
the fixed tori are located). At each fixed point all the D9-branes contribute but only those 
D5j-branes that have this point inside their world-volume. The Klein bottle contribution to 
this fixed point is determined as explained in the preceding paragraph. We will see how this 
works in the examples below. In the Z2 x Z4 and Z4 x Z4 models it is not possible to put 
all the D5j-branes at the origin. 



4 Description of the models 

All the models contain 32 D9-branes and three sets of 32 DSi-branes wrapping the i^^ 
internal torus, i = 1,2,3. In general there are eight different models for each orbifold 
group Zat X Zm, with and M even. They can be characterised by the three signs /ii^g, 
/is^g (vector structures) and e (discrete torsion). If neither A^ nor M is a multiple of four 
(type (i) models), one can alternatively choose the signs ai, ^2, «3 (R-R- charges of D5i- 
branes), whereas only two of the three a^'s are independent if A^ and/or M is a multiple 
of four (type (ii) models), eq. (|3.18|) . If A^ = M, only four of the eight possible models are 
inequivalent, corresponding to the number of negative a^'s. As explained in the paragraph 



below eq. ( 3.24 ), the orientifolds involving only standard D9-branes and D5j-branes, i.e. 
(ai,a2,«3) = (+1,+1,+1), are quite restricted. Only the type (i) models are possible. All 
of them are supersymmetric and have discrete torsion. They have been constructed by the 



17 



authors of p, H, ^. More possibilities arise if one introduces antibranes |T^, 0. The Z2 x Z2 
orientifolds with supersymmetry broken on antibranes have been discussed in In this 
section, we construct the remaining orientifolds for all possible values of (ai, 0:2, as). 

Interestingly enough, some of the models are inconsistent (in the absence of Wilson lines) 
because it is impossible to cancel the twisted tadpoles at all fixed points. The inconsistent 
models are Z2 x Z4 with (ai,a2,«3) = (+1)~1;+1) and 1) and Z4 x Z4 for all 

(ai,a2,a3) 7^ (—1, —1, —1). This inconsistency does not depend on the discrete torsion. As 
we will see it is related to the vector structure in each Z4 generator. Most probably, there 
exists a solution to the tadpole conditions for the above models if appropriate Wilson lines 
are added. But we did not consider models with Wilson lines in this article. 

If D5^-branes with negative NSNS and RR charge exist, then replacing the anti-D5- 
branes by D5^-branes in the non-supersymmetric models discussed below leads to a super- 
symmetric version for each of these models. The fermionic spectrum of the supersymmetric 
orientifolds coincides with the fermionic spectrum of the orientifolds containing antibranes. 
The complete spectrum is obtained by replacing in the antibrane sectors U Sp gauge group 
factors by SO and changing the bosons such that they form Af = 1 multiplets with the 
corresponding fermions. 



4.1 Z2 xZ2,v = -1, 0), w = i(0, 1, -1) 

These orientifolds have been constructed in 0, The eight possible models can be charac- 
terised by the RR charges (ai, a2, a^) of the DSj-branes. Of course, two models (aj, aj, ak) 
and {ai>, a^/, a^') are equivalent if [i'j'k') is a permutation {ijk). There are only four inequiv- 
alent Z2 x E2 orientifolds |2^, corresponding to n = 0, 1, 2, 3 negative a^'s. From ( |3.18| ), we 



find that aia2<y3 = — e. Thus, the models with even (odd) n have (no) discrete torsion. 

Using the method described in the previous section, it is very easy to construct the two 
Z2 X Z2 orientifolds with discrete torsion. From ( ]3.9| ), we find that there is a unique projective 
irreducible representation, which is pseudo-real if (/i3,/ii) = (—1,-1) and real else. From 
( p.l8| ) and (|3.6|) , (|3.7|) , one then finds that the (-1-1, -|-1, -|-1) model has gauge group USp{no) 



on the i59-branes and gauge group USpijii) on the DSj-branes, whereas the (-1-1,-1,-1) 
model has gauge group SOirio) on the D9-branes, gauge group SO{ni) on the i55i-branes 
and gauge group USpijij) on the D5j-branes, j = 2,3. The tadpole conditions ( p.22|) for 



the three twisted sectors (0, 1), (1, 1), (1, 0) are trivially satisfied because the 7 matrices are 
of the form ( p.9| ), i.e. they are traceless. The untwisted tadpole conditions (|3.19| ) imply that 
the rank of all gauge groups is 8, i.e. uq = rii = n2 = = 16. We consider the situation 
where all the Z)5j-branes are located at the origin in the internal space. 
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Z2 X Z2, («!, 0:2, as) = (+1, +1, +1), e = -1 


open string spectrum 


sector 


gauge group / matter fields 


99, 5j5j 


USp{16) 




3B 


95^, S^Sj 


(□,□) 


closed string spectrum 


sector 


A/" = 1 multiplets 


untw. 


gravity, 1 lin., 6 chir. 


order-two 


48 chir. 


remaining 





Table 3: Spectrum of the Z2 x Z2 orientifold with discrete torsion and (/i3,yUi) = (—1, — 1). 
The signs are the charges of the DSj-branes. The open string states are in A/" = 1 vector 
(gauge) and chiral (matter) multiplets. The spectrum in the 99 sector and the three SjSj 
sectors is identical. Thus, in total, one has four copies of the USp{16) gauge group. In the 
same way, there are six copies of bifundamentals connecting the four gauge group factors. 



The quiver diagrams for these two models are trivial. As there is a unique projective 
irrep, they consist only of one node. For each of the sectors 99, 5j5j, i = 1,2, 3, one finds 
3 matter fields[3 transforming as second rank tensors under the gauge group. To decide 
whether these are symmetric or antisymmetric tensors, one needs to evaluate the index 
defined in eq. (A. 9) of [0. For each of the six mixed sectors 95j, 5j5_,-, one finds one matter 
field in the bifundamental representation. 

The complete spectrum of these two models is displayed in tables |^, ^. 

The two Z2 X Z12 orientifolds without discrete torsion — (—1, —1, —1) and (+1, +1, — 1) 
— are slightly more complicated. In this case, there are four projective irreps, eq. (|3.8|) . 
If (yU3,/ii) = (+1,+1), then all of them are real, else they are all complex. From ( p. IS] ) 
and ( |3.6| ), (pl7|), one then finds that the (—1, —1, —1) model has a gauge group of the form 
SO X 5*0 X SO X 5*0 on the Z)9-branes and a gauge group of the form UxU on the DSj-branes, 
whereas the (+1, +1, —1) model has a gauge group of the form U x U on the D9-branes and 

^^In the supersymmetric sectors, these are TV = 1 chiral multiplets. In the non-supersymmetric sectors, 
these are pairs of fermions and bosons which may transform in different representations. 
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^2 X ^2, (ai, a2, as) = (+1, -1,-1), e = -1 


open string spectrum 


sector 


gauge group / matter fields 


yy, DiOi 
(susy) 


20, m 


5252, 5353 
(non-susy) 


USp{lQ) 

spinors: 3^, □□, scalars: 2 CD, Q 




(□,□) 


closed string spectrum 


sector 


A/" = 1 multiplets 


untw. 


gravity, 1 lin., 6 chir. 


order-two 


16 chir., 32 vec. 


remaining 





Table 4: Spectrum of the Z2 x Z2 orientifold with discrete torsion and (/i3,/ii) = (+1, — 1). 
The signs are the charges of the D5j-branes. In the susy open string sectors, the gauge 
fields are in A/" = 1 vector multiplets and the matter fields in A/" = 1 chiral multiplets. In the 
non-susy sectors, we display the spin (complex scalars) and spin 1/2 (Weyl or Majorana 
fermions) fields separately. In addition, there are spin 1 gauge bosons. The 99 and 5i5i 
spectrum coincides and the 5252 and 5353 spectrum coincides as well. Thus, in total, one has 
two copies of the gauge groups 5*0(16) and USp{16). In the same way, there are six copies 
of bifundamentals connecting the four gauge group factors. 



on the D5j-branes, j = 1,2, and a gauge group of the form USp xUSpx USp xUSp on the 
i553-branes. The untwisted tadpole conditions ( |3.19| ) fix the rank of the gauge group to be 
16 for each of the four sets of Z)-branes. Now, the twisted tadpole conditions ( |3.22| ) impose 
additional constraints because, generically, the 7 matrices are not traceless. For the three 
order-two sectors ki = (0, 1), ^2 = (1, 1), ^3 = (1, 0), these conditions are 



Tr(7, 



ki,9) 



Tr(7L 



0, z,j = 1,2,3. 



(4.1) 



Here, we used the fact that eq. ( 3.22 ) must be imposed at each of the 16 ki fixed points 
(more precisely, fixed tori extended in the i^^ complex plane). As all D5j-branes are located 
at the origin, their contribution to ( p.22| ) vanishes at some fixed points. In the ki sector, the 
D5j-branes only contribute to the fixed point at the origin in the j*^ and k^^ complex plane. 
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where (ijk) is a permutation of (123). The D5j-branes contribute to the four fixed points at 
the origin in the k^^ complex plane. Therefore, the tadpole conditions take the form given 
in ( |4.1| ) . The complete spectrum of these two models is displayed in tables ^, ^. 



4.2 Z2 X Z4, ^ = -1, 0), w = i(0, 1, -1) 

This orientifold is not symmetric under a permutation of the three sets of D5j-branes. The 
three order- two twists ki that fix the world- volume of the DSj-branes are ki = (0,2), k2 = 
(1,2), k^ = (1,0). Only ki is of even order. As a consequence, the tadpole conditions for 
the D5i-branes differ from those for the D52- and DSs-branes. In contrast to the E2 x Z2 
orientifold, we expect that six of the eight possible Z2 x Z4 models are inequivalent. However, 
only for the models with vector structure in the Z4 factor, i.e. fii = +1, does a consistent 
solution to the tadpole equations exist, at least in the absence of Wilson lines. 

From (|3.18|) , we find that 010203 = —1. Thus, only an odd number of negative Oj's 



is allowed. We found a solution for (—1, —1, —1) and (—1, +1, +1) both with and without 
discrete torsion. 

Let us first analyse the cases with discrete torsion. Most of the twisted tadpole conditions 
are trivially satisfied because the matrices 7(i,o),p and 7(o,i),p are traceless, eq. (PT^). The only 
non-trivial tadpole conditions are ( p.l9|) and ( p.23| ), corresponding to the untwisted sector 



and the (0, 2) sector. The former fixes the rank of the gauge group to be 8 for each of the 
four sectors 99, 5j5i. If oi = —1, then the latter reads 

Tr(7(o,2),9) = 0, Tr(7(o,2),5i,n,) = 8, Tr(7(o,2),52) = Tr(7(o,2),53) = 0, (4.2) 

where n = 0, 1, 2, 3 denotes the Z4 fixed points in the second and third complex plane. We 
assumed that there are no Z^Si-branes at the 12 remaining Z2 fixed points and we located 
all D52- and DSa-branes at the origin. By a similar reasoning to the one used at the end of 
section |4.1| , the tadpole equations (|3.23| ) simplify to the form given in ([4.2|) . One can verify 



that the D52- and DSa-branes have fii = —1 if oi = —1, which implies, using ( |3.9|) , that 
the matrices 7(0,2), 53/3 are traceless. Therefore the last two conditions in ( [4. 21) are trivially 
satisfied. The second condition in (|4.2| ) forces us to put some Z^Si-branes at each of the four 
Z4 fixed points. In the following, we will consider the most symmetric situation where eight 
D5i-branes sit at each of the Z4 fixed points. It is straightforward to obtain the spectrum 
of this orientifold using the methods described in section ^. 

The two cases without discrete torsion are slightly more complicated. But it is easy to see 
that again some D5i-branes are needed at the four Z4 fixed points. The simplest consistent 
brane configuration is the one described in the previous paragraph. The tadpole conditions 
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^2 X Za, {ai, a2, as) = (-1, -1, -1), e = 1 


open string spectrum 


sector 


gauge group / matter fields 


99 
(susy) 


SO{8)i X SO{8)2 X SO{8)3 x SO{8)4 
(□1,02), (□i,n3), (□1,04), (□2,03), (□2,04), (□3,04) 


i = 1,2,3 
(non-susy) 


[/(8)i X U(8)o 
A/'=lmult.: (□1,02), (□i,n2), (Di.a), (□i,n2) 
spinors: adiA, adjo, R, , R, , R„, W 

^^^17 1 1 1 127 1 12 

scalars: CDi, ffli, nib, ^2 


95 1 

(non-susy) 


spinors: (□i,ni), (Do, Do), fDj,ni), (□^iQ?) 
scalars: (□1,02), (Ui^Ui), (Osja), (04, Di) 


952 
(non-susy) 


spinors: {Ui-Ui)- {U2-Ui). {n?,,Ui), [Ua-Ui) 
scalars: (□i,ni), (a,^), (□a,^), (04, Di) 


953 

(non-susy) 


spinors: (□!,□!), (a,^!), (□a,^), (□4,02) 
scalars: (□i,n2), (□2,02), (□3,ni), (04, Di) 


5i5j (susy) 


(□i,ni), (□1,02), (a,^), (02,02) 


closed string spectrum 


sector 


M —1 multiplets 


untw. 


gravity, 1 lin., 6 chir. 


order-two 


48 lin. 


remaining 





Table 5: Spectrum of the Z2 x Z2 oricntifold without discrete torsion and (/is, ^1) = (+1, +1). 
The signs ai are the charges of the Z^Sj-brancs. In the susy open string sectors, the gauge 
fields are in A/" = 1 vector multiplets and the matter fields in A/" = 1 chiral multiplets. In the 
non-susy sectors, we display the spin (complex scalars) and spin 1/2 (Weyl or Majorana 
fermions) fields separately. In addition, there are spin 1 gauge bosons. The spectrum in the 
three SjSj and in the three 5j5j sectors is identical (our convention is that {ijk) is a cyclic 
permutation of (123)). Thus, in total, one has three copies of the U (8)1 x U{8)2 gauge group. 
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Z2 X Z2, (ai, a2, aa) = (+1, +1, -1), e = 1 


open string spectrum 


sector 


gauge group / matter fields 


99, 5i5i, 5252 
(susy) 


[/(8)i X U{8)2 

(□1,02), (□1,02), (□i,n2), (□i,n2), 

Bi' Bi' B2' B2 


5353 
(non-susy) 


USp{8)i X USp{8)2 X USp{8)3 x USp{8)4 
TV =1 mult.: (□1,02), (□1,03), (□1,04), (□2,03), (□2,04), (03,04) 

spinors: 0^, ^3, ^ 


95i (susy) 


(□i,ni), (□1,02), (02, Di), (a, a) 


952 (susy) 


(□i,ni), (□i,n2), (□2,01), (□2,02) 


953 
(non-susy) 


spinors: (DijOi), (□i,^), (□2,03), (02, a) 
scalars: (□i,n3), (□i,n4), (Oz^ni), (02,02) 


5253 

(non-susy) 


spinors: (Oi,Oi), (01,03), (02,02), (02,04) 
scalars: (01,02), (01,04), (D2,Oi), (02,03) 


535i 
(non-susy) 


spinors: (01,02), (02,Di), (03,0i), (01,02) 
scalars: (Oi,Di), (02,02), (03,02), (04,0i) 


5i52 (susy) 


(Di,Di), (01,02), (D2,Oi), (02,02) 


closed string spectrum 


sector 


jV = 1 multiplets 


untw. 


gravity, 1 lin., 6 chir. 


order-two 


16 lin., 32 chir. 


remaining 





Table 6: Spectrum of the Z2 x Z2 orientifold without discrete torsion and (//3, /xi) = (-1-1, — 1). 
The notation is explained in the previous table. 
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of the (0, 2) sector are again given by ([4.2| ) and the last two of these conditions are again 
trivially satisfied. The untwisted tadpole conditions now imply that the rank of the gauge 
group is 16 for each of the four sectors 99, 5j5j. The complete spectrum was computed with 
the help of a computer algebra program. The results are displayed in tables |^ - |12[ 

Surprisingly, we found no consistent solution for the (+1, +1, —1) model with or without 
discrete torsion and without Wilson lines.Q This is due to the impossibility of cancelling the 
tadpoles in the (0, 2) sector. To write down the tadpole conditions, let us label the four Z2 
fixed points in the second and in the third complex plane by n2 and n^. From ( p.23|) we find 



Tr(7(o,2),9) = r'^(7(o,2),5i) = 0, (4.3) 
Tr(7(o,2),52,n3) + Tr(7(o,2),53,n2) = 16 e if (n2, ng) is fixed under Z4, 
Tr(7(o,2),52,n3) + Tr(7(o,2),53,n2) = if (^2,713) is not fixed under Z4. 



The two equations in the first line of ( |4.3| ) are trivially satisfied, because both D9- and 
D5i-branes have no vector structure in the Z4 factor. However, the last two equations are 
incompatible, i.e. there is no possible brane configuration that satisfies both of them. To 
see this, denote the Z4 fixed points by 712/3 = 0, 2 and the remaining two Z2 fixed points by 
^2/3 = I5 3. Summing the two equations for the fixed points (0, 1) and (1, 0) and subtracting 
the equation for the fixed point (1, 1), one finds Tr(752^o) +Tr(753^o) = which contradicts the 
second line in ([4.3|). To derive this result, it was crucial that Tr(7(o,2),52) does only depend 
on but not on ^2. This is no longer true if Wilson lines in the second complex plane are 
added. Probably, there is a solution to the tadpole conditions if appropriate Wilson lines in 
the second and third complex plane are added. 

As we will see, a similar problem arises in the Z4 x Z4 orientifold. Indeed, it is easy to 
see that a x Zm orientifold with = 4 and/or M = 4 is only consistent if its Z4 has 
vector structure. 



4.3 Z4 X Z4, ^ = -1, 0), w = i(0, 1, -1) 

This orientifold is symmetric under a permutation of the three sets of DSj-branes. Thus, 
only four of the eight possible Z4 x Z4 models are inequivalent. However, only for the models 
with vector structure in each of the two Z4 factors, i.e. ^3 = fii = +1, does a consistent 
solution to the tadpole equations exist, at least in the absence of Wilson lines. From (|3.18| ), 



we find that aia2<y3 = —1. Thus, only an odd number of negative a^'s is allowed. We found 
a solution for (—1,-1,-1) with and without discrete torsion. 



^The (+1, +1, —1) and (+1, —1, +1) models are equivalent up to a permutation of D52- and DSs-branes. 
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^2 X Z4, (ai, ^2, as) = (-1, -1,-1), e = -1 


open string spectrum 


sector 


gauge group / matter fields 


99 
(susy) 


S0{8)i X 50(8)2 

2 (□1,02), g^, m2 


5i,n5i,n, n = 0,1,2,3 
(non-susy) 


USp{A) 
spinors: 2^, scalars: □□ 


5252, 5353 
(non-susy) 


f/(8) 

spinors: 2 adj, 2, 2 
scalars: adj, CD, 2 m, Q 


95i^n (non-susy) 


spinors: (□!,□), scalars: (□2,0) 


952 (non-susy) 


spinors: (□!,□), (□2,^), scalars: (□!,□), (□2,^) 


953 (non-susy) 


spinors: (□!,□), (□2,0), scalars: (□!,□), (□2,0) 


5253 (susy) 


(□,□), (□,□) 


5i,n53, 5i,„52 (susy) 


(□,□) 


closed string spectrum 


sector 


Af = 1 multiplets 


untw. 


gravity, 1 lin., 4 cliir. 


order-two 


18 lin. 


remaining 


4 cliir., 4 vec. 



Table 7: Spectrum of the Z2 x Z4 orientifold with discrete torsion and {^3, fii) = (+1, +1). 
The four sets of D5i „-branes are located at the four Z4 fixed points in the second and third 



torus. The notation is explained in the tables of section 4.1 
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Z2 X Z4, (ai, 02, as) = (-1, +1, +1), e = -1 


open string spectrum 


sector 


gauge group / matter fields 


99 

(susy) 


50 (8)1 X USp{8)2 


Ol,nC)l,n, n — \J, I, Z, 6 

(non-susy) 


U op[A) 
spinors: 2^, scalars: m 


(susy) 


U{8) 
« r~i r~i 1 1 1 


yoi n i^non-susyj 


spuiois. i^UijUj, scaiais. ^^lj2;LJJ 


952, (susy) 


(□i,n), (n2,n) 


5263 (susy) 


(□,□), (□,□) 


535i,„ (non-susy) 


spinors: (□,□), scalars: (□, □) 


5i,n52 (non-susy) 


spinors: (□,□), scalars: (□, □) 


closed string spectrum 


sector 


Af = 1 multiplets 


untw. 


gravity, 1 lin., 4 chir. 


order-two 


10 lin., 8 chir. 


remaining 


4 chir., 4 vec. 



Table 8: Spectrum of the Z2 x Z4 orientifold with discrete torsion and (/i3,/ii) = (—1, +1). 
The four sets of -D5i^„-branes are located at the four Z4 fixed points in the second and third 



torus. The notation is explained in the tables of section 



The only tadpole conditions with non-vanishing Klein bottle contribution are ( |3.19| ) and 
( p.23| ), corresponding to the untwisted sector and the the three order- two sectors ki = (0, 2), 
k2 = (2,2), = (2,0). The untwisted tadpoles fix the rank of the gauge group to be 8 
(16) for each of the four sectors 99, SjSj in the case with (without) discrete torsion. For the 
( — 1, —1, —1) model, the tadpole conditions of the ki sector read 

TiiTkJ = 0, Tr(7s„5,,„J = e-'-^'-^/'' 8, Tr(7s,,5,,nJ = MTk.,,,,nJ = 0, (4.4) 
where ki^i, ki^2 are the components of the two- vector k^ and = 0, 1, 2, 3 denotes the E4 fixed 
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^2 X Z4, (tti, 02, as) = (-1, -1, -1), e = 1 


open string spectrum 


sector 


gauge group / matter fields 


99 
(susy) 


50(4)i X [7(4)2 X SO(4)3 X SO(4)4 x [7(4)5 x ^0(4)6 
(□1,02), (n^a), (DbDs), (02, Ds), (02, 04), (□2,05), 
(□2,06), (□3,n5), (□3,n6), (□4,05), (□5,02), (□5,n6) 


5l,n5l,n 

n = 0, 1,2,3 
(non-susy) 


[7(2)i X [7(2)2 
spinors: adji, adj2, Bp Bp B2' B2 
scalars: CDi, Si, □□2, ^2 


5262, SsSa 
(non-susy) 


[7(4)i X [7(4)2 X [7(4)3 x [7(4)4 
Ar=lmult.: (□1,03), (□1,04), (□1,04), (□i,n4), (02, Di), 
(□2,03), (□2,03), (02, 04), (□3,02), (□4,03) 
spinors: adji, adj2, adjs, adj^, Bp B2' B3' B4 
scalars: Si, □□2, S3, □□4 


95i,„ 
(non-susy) 


spinors: (□i,ni), (□3,02), (a,^), (□6,02) 
scalars: (02,01), (a,^), (□5,01), (Osj^) 


952 
(non-susy) 


spinors: (01,04), (02, Di), (□2,03), (□3,n2), 

(□4,ni), (□5,02), (□5,04), (□6,n3) 
scalars: (□i,ni), (□2,02), (02, 04), (□3,03), 
(□4,04), (□5,ni), (□5,03), (□6,02) 


(non-susy) 


spinors: (□1,01), (□2,01), (□2,03), (□3,03), 

(□4,04), (□5,04), (□5,n2), (□6,02) 
scalars: (□i,n4), (02, a), (02,02), (□s,^), 

(□4,01), (□6,ni), (□6,03), (□6,03) 


5253 

(susy) 


(□i,ni), (□1,04), (□2,03), 02,02), 
(□3,03), (□3,02), (□4,01), (04, 04) 


535i,„ (susy) 


(□i,ni), (□3,02), (04, Di), (02,02) 


5i,n52 (susy) 


(□i,ni), (□1,04), (03,02), (□3,03), 



Table 9: Spectrum of the Z2 x Z4 orientifold without discrete torsion and (/i3, /ii) = (+1, +1). 
The four sets of D5i^„-branes are located at the four Z4 fixed points in the second and third 



torus. The notation is explained in the tables of section 
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Zi X Z4, (ai, ^2, as) = (-1, +1, +1), e = 1 


open string spectrum 


sector 


gauge group / matter fields 




U X U [^)2 X t7l^^j3 X U 


(susy) 


(□i,n2), (□1,04), (□i,n4), (a,^!), (□2,03), (02,04), 
[02,04), (□3,n2j, [03,01), (□4,n3j, Ui, Up U3, 1^3 


'-'l.n'-'l.n 


uopyz,j\ X uopyzj2 x uopyzj^ x uopyz^j^ 


Ti — U, i, Z, 


\f 1 v-k^nl4- - (1 1 1 1 I (1 1 1 1 I 

J\ — i mult.. (^□i,IIl3j, [02,04) 


I liUli 0U.0J I 


spmois. u-^, 1113' tk 




ty(^4ji X U[4:)2 X tV(^4j3 X U[4:)4 




l,Ul, U3J, l,Ul, U3J, l,Ul, U4J, l^U2 , Ul J , l,U2 , U4 j , l^U2 , U4 J , 
(^CD3,Dlj, [03,02), (.□4,D2j, (,IIl4,D3j, 035 Ilk 




c;r~»i n nrc; ■ ( 1 li 1 li 1 1 1 It I lo 1 1 1 lo 1 Ir, 1 1 1 lo 1 1 ^ 1 
bpiliUib. I^Ul , l_ll J , I^Ul , I_l3 J , I^l_l3 , 1_l2 J 5 1^1—13, 1_l4 J 


l^non-susy j 


crtolo-rc- /'PH 1 — 1 ^ f\ — 1 1 — 1 ^ /'PH 1 — 1 ^ f\ — 1 1 — 1 ^ 

scaiars. (^U2,U2j, [02,03), (^U4,Uij, (^U4,U4j 




l,Ul , Ul J , l^Ul, U3j, l,U2, U2J, l,U2, U3j, 


isusyj 


(^□3,D2j, (,D3,Q4j, (,D4,DlJ, [04,04) 




l^Ul , Ul J , l,Ul, U3;, l,U2, UlJ, l,U2, U4J, 


1 c n c\ r 1 

isusyj 


(,U3,U4j, l,U3,U2j, l,U4,U2j, l^U4,U3j 


5253 


(□i,ni), (□1,03), (□2,54), (02,02), 


(susy) 


(□3,01), (□3,03), (04,04), (04, 02) 


535l,n 


spinors: (□1,03), (□4,02), (□2,04), (□3,ni) 


(non-susy) 


scaiars: (□!,□!), (□4,04), (□2,02), (03,03) 


5l,n52 


spinors: (□!,□!), (□2,02), (□3,03), (□4,04) 


(non-susy) 


scaiars: (□1,03), (02,04), (□3,ni), (□4,^2) 



Table 10: Spectrum of the Z2 x Z4 orientifold without discrete torsion and {fi3, fii) = 
(— 1,+1). The four sets of i55i^„-branes are located at the four Z4 fixed points in the 



second and third torus. The notation is explained in the tables of section 4.1 
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ZaxZi. (ni.ns.n,) = (-1. -1. -1). r = l 


closed string spectrum 


sector 


J\f = 1 multiplets 


untw. 


gravity, 1 lin., 4 chir. 


order- two 


3 1 lin. 


remaining 


20 lin., 4 chir. 



Table 11: Closed string spectrum of the Z2 x Z4 orientifold without discrete torsion and 
(At3,Ati) = (+l,+l). 



Z2 X Z4, (ai, «2, «3) = (-1, +1, +1), e = 1 


closed string spectrum 


sector 


M —1 multiplets 


untw. 


gravity, 1 lin., 4 chir. 


order-two 


10 lin., 24 chir. 


remaining 


20 lin., 4 chir. 



Table 12: Closed string spectrum of the Z2 x Z4 orientifold without discrete torsion and 
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points in the j^^ and k^^ complex plane.0 We assumed that there are no D5j-branes at the 
12 remaining E2 fixed points. The sign e-'=»>i'=i,2/4 jg ^^^e (2, 2) sector in the model with 

discrete torsion and +1 else. The conditions ( |4.4] ) were obtained from p.23| ) by analysing 
the contributions of the D5j-branes to the 16 fixed points and using the arguments given at 
the end of section |4.1| . Generalising the argument showing that in the Z2 x Z4 orientifold 
7(0,2), 52 is traceless, one can verify that in the present case the matrices ■Jki,5j ^-re traceless for 
i ^ j- Therefore the last two conditions in ( [4.4|) are trivially satisfied. The second condition 
in (|4.4| ) forces us to put some D5j-branes at each of the four Z4 fixed points in the j^^ and 
k^^ complex plane. In the following, we will consider the most symmetric situation where 
eight D5j-branes sit at each Z4 fixed point. This leads to a unique solution of the tadpole 
equations. The complete spectrum is displayed in tables |13| - |l^. 

It is straightforward to generalise the argument for the impossibility of cancelling the RR 
twisted tadpoles in the E2 x Z4 (+1, +1, -1) model. In the Z4 x Z4 (+1, +1, -1) modelQ, 
the incompatibility between the tadpole equations appears in in the sectors (0, 2) and (2, 2), 
independently of the value of discrete torsion. The problem appears in order-two sectors 
that fix a set of branes without vector structure. Only the (—1, —1, —1) model with and 
without discrete torsion is found to be consistent. 



4.4 Z2 xZq,v = -1, 0), w = i(0, 1, -1) 

This orientifold is not symmetric under an arbitrary permutation of the three sets of D5i- 
branes. The only even twist, k = (0,2), fixes the world-volume of the Z)5i-branes. As in 
the Z12 X Z4 case, only the D52- and DSa-branes appear on the same footing. Therefore, 
we expect that six of the eight possible Z2 x Eq models are inequivalent. The (-1-1, -|-1, -|-1) 
model has already been constructed in 

Let us first concentrate on the cases with discrete torsion. The only non-trivial tadpole 
conditions are (|3.19| ) and (|3.23| ), corresponding to the untwisted sector and the (0, 2) sector. 



The former fixes the rank of the gauge group to be 8 for each of the four sectors 99, 5j5j. 
The latter read 

T>(7(o,2),9) = Tr(7(o,2),5i) = -"i 8, Tr(7(o,2),52) = Tr(7(o,2),53) = "i §• (4-5) 

We assumed that all D5j-branes are located at the origin. To see that the tadpole conditions 
( p.23| ) indeed simplify to the form ( [4.5| ), we need to consider the Klein bottle contributions 



to the various fixed points of the (0, 2) sector, using the method described at the end of 
^•^Here, {ijk) is a permutation of (123). 

-'^''The three models (-1-1, -1-1, —1), (-1-1, —1, +1) and (—1, +1, +1) are equivalent up to a permutation of the 
D5i-branes. 
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Z4 X Z4, (ai, ^2, "3) = (-1, -1,-1), e = -1 


open string spectrum 


sector 


gauge group / matter fields 


QQ 

yy 

(susy) 


(□1,02), (□1,03), (Db^), (□2,03), (02,04), (03,04) 


'-'i,n'-'t,n 


sninorK" /7*^'? W \—\ ^ralarK* 1 1 1 1 1 1 


(non-susy) 


spinors: (□!,□), (03,0) 
scalars: (02,D), (ai,^) 


952,n 

(non-susy) 


spinors: (02,0), (□3,0) 
scalars: (□!,□), (Qi,^) 


953,„ 
(non-susy) 


spinors: (□!,□), (□2,0) 
scalars: (DsjO), (Qi,^) 


5i,n5j,m (susy) 


(□,□) 


closed string spectrum 


sector 


Af = 1 multiplets 


untw. 


gravity, 1 lin., 3 chir. 


order-two 


27 lin. 


remaining 


12 lin. 



Table 13: Spectrum of the Z4 x Z4 orientifold with discrete torsion and (/i3,/ii) = (+1, +1). 
The 12 sets of D5j^„-branes, i = 1, 2, 3, n = 0, 1, 2, 3, are located at the four Z4 fixed points 
in the j^^ and k^^ torus, where (ijk) is a permutation of (123). The matter in the 5j^„5j_m 
sectors is only present if the fixed points n and m are located at the same point in the k^^ 



torus. The notation is explained in the tables of section 4.1 
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z 


4 X Z4, (ai, a2, as) = (-1, -1, -1), e = 1 


open string spectrum 


sector 


gauge group / matter fields 


99 


S0(2)i X U{2)2 X ^0(2)3 X f/(2)4 X U{2)5 x f/(2)6 
xf/(2)7 X 50(2)8 X U{2)g X 50(2)io 


(susy) 


(□1,02), (□1,04), (□!,□?), (□2,03), (□2,05), (a.De), 

(□2,n7), (□3,05), (□3,06), (a, a), (a,^?), (□4,08), 
(□4,n9), (□5,04), (□5,n8), (□5,09), (□6,n5), (□6,nio), 

(□7,06), (□7,09), (□7,nio), (□8,09), (□9,06), (□9,nio) 


^i,n^i,n 


f/(l)l X f/(l)2 X f/(l)3 X f/(l)4 


(non-susy) 


Ar= 1 mult.: (Di.Qj), (□2,04) 
spinors: 4 singlets, scalars: Si, S2, □□3, rrii 


95i,„ 


spinors: (□i,ni), (□3,02), (Qt,^!), (04, 03), 


(non-susy) 


(□6,n2), (DeA), (□8,03), (□io,n4) 
scalars: (□2,ni), (02, 02), (□5,02), (□5,03), 

(□7,ni), (□7,04), (□9,03), (□9,04) 


952,„ 


spinors: (□1,04), (□3,03), (□5,03), (□5,ni), 


(non-susy) 


(□7,04), (□7,02), (□8,ni), (□10,02) 
scalars: (□2,03), (a, 04), (a, a), {a4,Di), 
(□6,03), (06,02), (09, Di), (□9,02) 


953,n 


spinors: (01,01), (□2,04), (□2,02), (□3,02), 


(non-susy) 


(□8,n3), (□9,03), (09, Di), (nicDi) 
scalars: (□4,04), (04, 03), (□5,02), (□5,03), 
(□6,02), (□6,ni), (□7,04), (07,0i) 


52,n53,m (sUSy) 


(03,02), (□4,04), (□i,n3), (02, Di) 


53,n5l,m (susy) 


(□4,01), (02, 02), (□3,03), (□i,n4) 


5l,n52,m (susy) 


(□i,n4), (02, 03), (03, Di), (□4,02) 



Table 14: Spectrum of the Z4 x Z4 orientifold without discrete torsion and (/i3,/ii) = 
(+1,+1). There are 12 sets of D5j,„-branes, i = 1,2,3, n = 0,1,2,3, as in the model of 
table |l^. The matter in the 5i^n5j,m sectors is only present if the fixed points n and m are 
located at the same point in the k^^ torus. The symmetric tensors in the 5i^n5i,n sectors are 
fields that carry double U(l) charge. 
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'L^ X Z4, (ai, ^2, a?), = (-1, -1, -1), e = 1 


closed string spectrum 


sector 


JV = 1 multiplets 


untw. 


gravity, 1 lin., 3 chir. 


order-two 


27 lin. 


remaining 


48 lin., 12 chir. 



Table 15: Closed string spectrum of the Z4 x Z4 orientifold without discrete torsion and 



section pl3| . Label the three Z3 fixed points in the second plane by n2 = 0, 1, 2 and the three 
E3 fixed points in the third plane 123 = 0,1,2, where denotes the origin. The Klein bottle 
contribution ICq (the term proportional to C2C3 in ( ^.231) ) is only present at the origin (0, 0), 
/Ci (the term proportional to eij3iS2S3) is present at all nine Z3 fixed points (^2? "^3)) ^2 
(the term proportional to 62/^2) is present at the three fixed points (0,713) and /C3 (the term 
proportional to e^Ps) is present at the three fixed points (^2,0). Using this and ai = 0:203, 
it is easy to see that ( p.23[ ) reduces to ([4.5[). These equations have a unique solution. The 
results are displayed in tables |1^ - |1^. 

In the cases without discrete torsion, the tadpole conditions for the (0, 2) sector are 
identical to eq. ( |4.5| ) if all D5j-branes sit at the origin. Now, the remaining twisted sectors 
give additional conditions because, in general, the 7 matrices are not traceless. The tadpole 
equations have 25 distinct solutions for each of the three possible models. We display the 
complete spectrum of the (— 1,— 1,— 1) model in tables ^ and ^ and restrict ourselves 
to give the 99 and 5j5j spectrum of the two remaining models in tables ^ and 0. We 
determined also the 95j and 5j5j spectrum of the last two models and verified that the 
complete spectrum is free of non-Abelian gauge anomalies. 



4.5 Z2 X Z'e, V = 1(1, -1, 0), w = i(-2, 1, 1) 

This orientifold is similar to the previous one. However, there are only four inequivalent 
models. This is because the only even twist, k = (0, 2) has no fixed planes. Therefore, 
all three sets of D5i-branes appear on the same footing. The (+1,-1-1,-1-1) model has al- 
ready been constructed in It is of some phenomenological interest because it contains 
a gauge group SU{6) with three generations of matter fields in the antisymmetric tensor 
representation. 
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Z2 X Ze, (ai, a2, as) = (+1, +1, +1), e = -1 


open string spectrum 


sector 


gauge group / matter fields 


99, 5j5j 
(susy) 


f/(4)i X USpi8)2 

(□1,02), (□i,n2), adji, g^, g^, 02 


95i, SaSa (susy) 


(□i,ni), (□i,ni), (02,02) 


952, 5i53 (susy) 


(□1,02), (□i,ni), (02, Di) 


953, 5i52 (susy) 


(□i,n2), (□i,ni), (02, Di) 


closed string spectrum 


sector 


A/" = 1 multiplets 


untw. 


gravity, 1 lin., 4 chir. 


order-two 


14 chir. 


remaining 


12 lin., 6 chir., 2 vec. 



Table 16: Spectrum of the Z2 x Zg orientifold with discrete torsion and (/i3,/ii) 
The notation is explained in the tables of section E?l. 



■1,-1) 
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Z2 X Ze, (ai, 02, as) = (-1, +1, -1), e = -1 


open string spectrum 


sector 


gauge group / matter fields 


99, 5252 
(susy) 


50(8)i X f/(4)2 
(□1,02), (□1,02), Bi' 02' ™2, adj2 


5i5i, 5353 
(non-susy) 


USp{8)^ X f/(4)2 
AT =1 mult.: (□1,02), (□1,02) 
spinors: 2^^ □□2, 2adj2, scalars: CDi, m2, 02' '^'^^2, 


95i, 5253 
(non-susy) 


spinors: (□!,□!), (□2,02), (□2,02) 
scalars: (□1,02), (□2,01), (02, tt) 


952, 535i (susy) 


(□1,02), (02,02), (02, Di) 


953, 5i52 
(non-susy) 


spinors: (□i,^), (02,02), (02, Di) 
scalars: (□1,02), (□2,n2), (□2,01) 


closed string spectrum 


sector 


A/" = 1 multiplets 


untw. 


gravity, 1 lin., 4 cliir. 


order-two 


4 cliir., 10 vec. 


remaining 


12 lin., 6 cliir., 2 vec. 



Table 17: Spectrum of the Z2 x Zg orientifold with discrete torsion and (/X3,/xi) = (+1, 



The notation is explained in the tables of section ^A . 
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Z2 X Ze, (ai, 02, as) = (+1, -1, -1), e = -1 


open string spectrum 


sector 


gauge group / matter fields 


99, 5i5i 
(susy) 


50(8)i X f/(4)2 

(□1,02), (□1,02), mi, 02' «^.^2 


5252, 5353 
(non-susy) 


USp{8)^ X f/(4)2 
Ar=lmult.: (□1,02), (□1,02) 
spinors: 0^ CDi, B2' 2a(f/2 scalars: 0^ □□2, ^2, adj2 


95i, 5253 (susy) 


(□i,ni), (□2,02), (□2,02) 


952, 5i53 
(non-susy) 


spinors: (□1,02), (02, Di), (a,^) 
scalars: (□1,02), (02, Di), (□2,02) 


953, 5i52 
(non-susy) 


spinors: (□i,^), (□2,01), (□2,02) 
scalars: (□1,02), (02, Di), (□2,02) 


closed string spectrum 


sector 


A/" = 1 multiplets 


untw. 


gravity, 1 lin., 4 cliir. 


order-two 


6 chir., 8 vec. 


remaining 


12 lin., 6 chir., 2 vec. 



Table 18: Spectrum of the Z2 x Zg orientifold with discrete torsion and (/X3,/ii) = (+1, 



The notation is explained in the tables of section ^A . 
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^2 X Ze, (ai, 02, «3) = (-1, -1, -1), e = 1 


open string spectrum 


sector 


gauge group / matter fields 


99 

(susy) 


50(8 - 2ti)i X f/(4 - ti)2 X U{ti)s X SO{2ti)4 
xS0{8 - 2ti)5 X f/(4 - ti)6 X U{ti)7 X S0{2ti)s 
(□1,02), (□1,05), (□1,06), (□2,05), (□2,06), (□2,07), 

(□3,02), (□3,n4), (□3,07), (□3,08), (□4,07), (□4,08), 
(□5,06), (De.a), (□6,03), (□7,03), (□7,n6), (□7,08) 


5i5i 
(non-susy) 


f/(2ti)i X f/(ti)2 X f/(4 - ti)3 X U{8 - 2ti)4 X t/(4 - ^1)5 x U{h)e 
7V=lmult.: (□i,n2), (DbDe), (□i,n6), (□2,ni), (□2,05), (□2,06), 

(□2,06), (□3,02), (03,04), (03,05), (03,05), (D3,D6), 

(04,03), (04,55), (05,04), (06,05) 

spinors: adji, adje, Q^, Q^, 
scalars: UDi, Si, m^. m4 


5252, 5353 
(non-susy) 


f/(4 - h)l X U{A)2 X U{h)3 X f/(t2)4 X f/(4)5 X t/(4 - t2)6 

(01,05), (Oi,06), (Oi,D6), (Di,D6), (02,Di), (02,04), 

(02,05), (02,05), (D2,D6), (03,02), (03,04), (03,04), 

(□3,05), (04,03), (05,04), (06,05) 

spinors: adji, adj^, Q^, Qg, 0^, ^ 
scalars: ffli, □□3, rrli. HDq 


95i 

(non-susy) 


spinors: (Oi,Di), (02,02), (D2,D6), (03,03), (03,05), (04,04), 

(05.01) , (06,02), (06,D6), (07,03), (07,05), (08,04) 
scalars: (Oi,D6), (02,Di), (02,05), (03,02), (03,04), (04,03), 

(05.02) , (06,0i), (06,03), (07,04), (07,06), (08,05) 



Table 19: Spectrum of the Z2 x Zq orientifold without discrete torsion and (/i3,/xi) = 
(+1, +1). There are 25 solutions to the tadpole equations, parametrised by ti, ^2 = 0, . . . , 4. 
The notation is explained in the tables of section 
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X Ze, (q!i, q;2, a^) = (-1, -1, -1), e = 1 


open string spectrum 


sector 


gauge group / matter fields 


952 

(non-susy) 


spinors: (□i,n6), (02, Di), (□2,05), (□3,n2), (□3,04), (□4,03), 

(□5,ni), (□6,02), (neine), (□7,n3), (□7,n5), (□8,04) 

scalars: (□i,ni), (□2,02), (02, De), (□3,03), (□3,05), (a, 04), 

(□5,06), (□6,ni), (□6,05), (□7,02), (□7,04), (□8,03) 


953 
(non-susy) 


spinors: (□i,ni), (□2,01), (02, Ds), (□3,n5), (□3,03), (□4,03), 

(□5,n6), ([□6,n6), (□6,n2), (□7,02), (□7,04), (□8,54) 

scalars: (DbDe), (a.De), (□2,02), (Dsj^), (□3,04), (a, ^4), 

(□5,01), (DB^ni): (□e^Ds): (□t.Ds), (Dt^Ds), {^8.^3) 


5253 

(susy) 


(□i,ni), (□i,n6), (□2,05), (02, 02), (□3,03), (□3,04), 
(□4,03), (04, 04), (□5,05), (□5,n2), (□6,ni), (□6,n6) 


535i 

(susy) 


(□i,ni), (□1,06), (□5,02), (□5,n5), (03, 03), (□3,04), 
(□6,ni), (□6,02), (□2,03), (□2,06), (□4,04), (□4,05) 


5i52 

(susy) 


(□i,ni), (□i,n6), (02, Oi), (□2,52), (03, 02), (□3,03), 

(□i.aO- (ni-Di). (□.-,. Di). (□5.&,). (□(..□s). (Qi-Q.) 


closed string spectrum 


sector 


J\f = 1 multiplets 


untw. 


gravity, 1 lin., 4 chir. 


order-two 


22 lin. 


remaining 


21 lin., 6 chir., 1 vec. 



Table 20: Spectrum of the Z2 x Zq orientifold without discrete torsion and (//3,/ii) = 
(-1-1,-1-1). (continued) 
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^2 X Ze, (tti, ^2, as) = (+1, +1, -1), e = 1 


open string spectrum 


sector 


gauge group / matter fields 


99, 5i5i 
fsusv) 


t/(4 - X [7(4)2 X f/(ti)3 X f/(ti)4 X f/(4)5 X [7(4 - t^e 

(□i,^), faiinfi), faiinfi), (DiiDfi), (QiDi), fn^,!!!!), 
(□2,05), (^jDs), (□2,n6), (□3,n2), (□3,n4), (PsA), 

(□3,n5), (04, 03), (05, 04), (□6,n5), Bi' Bs' 04' Be 


5252 

(susy) 


f/(8 - 2t2)l X [7(4 - t2)2 X U{t2)s X f/(2t2)4 X f/(t2)5 X U {A - t2)6 

(□i,n2), (DbDe), (□i,n6), (02, Bi), (□2,05), (02, De), 

(□2,n6), (□3,n2), (03, 04), (□3,n5), (□3,n5), (□3,n6), 
(□aiDs), fQiiDs), (□^,□4), (□fi,&), R, R, R, R 


5353 
(non-susy) 


USp{2t2)i X U{t2)2 X f/(4 - ^2)3 X USp{S - 2^2)4 

Xf/5p(2t2)5 X f/(t2)6 X f/(4 - t2)7 X U Sp{S - 2t2)s 

7V=lmult.: (□i,n2), (□i,n5), (□i,n6), (a,^), (a,^), (02, Dt), 

(□3, a), (03, 04), (□3,n7), (□s.Ds), (a,^?), (□4,08), 
(□5,n6), (□6,n2), (□6,n3), (□7,n3), (□7,n8), (07, Os) 

spinors: Bi, adj2, adj^, B45 B5' "^^6, adjy, Bs 


95 j, 5j5j 


many bifundamentals 


closed string spectrum 


sector 


A/" = 1 multiplets 


untw. 


gravity, 1 lin., 4 chir. 


order-two 


8 lin., 14 chir. 


remaining 


21 lin., 6 chir., 1 vec. 



Table 21: Spectrum of the Z2 x Zg orientifold without discrete torsion and (/i3,/ii) = 
(+1, —1). There are 25 solutions to the tadpole equations, parametrised by ti, ^2 = 0, . . . , 4. 
The notation is explained in the tables of section E?T. 
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^2 X Ze, (tti, ^2, as) = (-1, +1, +1), e = 1 


open string spectrum 


sector 


gauge group / matter fields 


99 

(susy) 


U{8 - 2ti)i X f/(4 - ti)2 X f/(ti)3 X f/(2ti)4 X f/(ti)5 X U{4: - U)^ 
(□i,n2), (DbDe), (□i,n6), (a,^!), (02, Ds), (□2,06), 
(□2,n6), (□3,n2), (□3,n4), (□s,^), (□3,n5), (□3,n6), 

(□4,n3), (□4,&), (n^inA), (□fi,&), R, R, R., R 


5i5i 
(non-susy) 


USp{2ti)i X f/(ti)2 X f/(4 - ti)-i X USp{8 - 2ti)i 
xUSp{2ti)5 X U{ti)Q X U{A - ti)7 X USp{8 - 2ti)8 
A^=lmult.: (□i,n2), (□i,n5), (□i,n6), (a, a), (a, Be), (02, D?), 

(□3, Da), (□3,n4), (□3,n7), (03, Ds), (Qj.D?), (□a.IHh), 

V — '0 7 ' — y 5 — 'J ' — ^ / ' \ — 'J 1 — 1 / ' \ — 'J ' — ^0 / 7 — ^ * — ' / * \^ — ^ ' — ^ / ' 

(□5,n6), (□6,n2), (□6,n3), (□7,n3), (□7,n6), (□7,n8) 

spinors: g^, adj2, adjs, g^, g^, adje, adjy, gg 


5252, 5353 
(susy) 


f/(t2)l X f/(4)2 X f/(4 - ^2)3 X f/(4 - ^2)4 X f/(4)5 X t/(t2)6 

(□bDs), (DbDe), (□i,n6), (□bDe), (02, Di), (□2,04), 
(□2,05), (□2,n5), (02, De), (03, □2), (□3,04), (□3,n4), 

(□3,n5), (04, Ds), (□5,n4), (De.ns), Bv B3' 04' Be 


95 j, 5j5j 


many bifundamentals 


closed string spectrum 


sector 


Af = 1 multiplets 


untw. 


gravity, 1 lin., 4 chir. 


order-two 


6 lin., 16 chir. 


remaining 


21 lin., 6 chir., 1 vec. 



Table 22: Spectrum of the Z2 x Zg orientifold without discrete torsion and (yU3,/ii) = 
(— 1, +1). There are 25 solutions to the tadpole equations, parametrised by ti, t2 = 0, . . . , 4. 
The notation is explained in the tables of section E?T. 
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The only non-trivial tadpole conditions for the models with discrete torsion are ( p.l9| ) 
and (p.21|) , corresponding to the untwisted sector and the (0, 2) sector. The former fixes the 
rank of the gauge group to be 8 for each of the four sectors 99, 5j5j. The latter reads 



Tr(7(o,2),9) = Tr(7(o,2),5i) = «i4, Tr(7(o,2),52) = Tr(7(o,2),53) = -ai4. 



(4.6) 



We assumed that all DSj-branes are located at the origin. The 27 fixed points of the (0, 2) 
sector can be labelled by the triples (ni, 7^2,^3), where = 0, 1,2 denotes the fixed points 
in the i^^ complex plane and is the origin. One finds that the Klein bottle contribution 
/Co is present at the three fixed points (ni,0,0), the contribution JCi is present at all 27 
fixed points, the contribution /C2 is present at (0, 0, ^3) and the contribution /C3 is present at 
(0, ^2, 0). This leads to the tadpole equations ^]6[ They have a unique solution. The results 
are displayed in tables p3| and |23. 



Z2 X Z;, (ai, a2, as) = (+1, +1, +1), e = -1 


open string spectrum 


sector 


gauge group / matter fields 


99, 5j5j 
(susy) 


f/(6)i X USpiA)2 
3 (□1,02), 


95i, 5253 (susy) 


(□i,ni), (□1,02), (02, Di) 


952, 535i (susy) 


(□1,02), (□i,ni), (02, Di) 


953, 5i52 (susy) 


(□1,02), (□i,ni), (02, Di) 


closed string spectrum 


sector 


A/" = 1 multiplets 


untw. 


gravity, 1 lin., 3 chir. 


order-two 


15 chir. 


remaining 


12 lin. 



Table 23: Spectrum of the Z2 x Zg orientifold with discrete torsion and [fi^, fii) = (—1, — 1) 



The notation is explained in the tables of section 



In the cases without discrete torsion, the tadpole conditions for the (0, 2) sector are iden- 
tical to eq. ( [4.6| ) if all Z)5j-branes sit at the origin. Now, the remaining twisted sectors give 
additional conditions because, in general, the 7 matrices are not traceless. The tadpole equa- 
tions have many solutions, 1590 for the (—1, —1, —1) model and 1295 for the (+1, +1, — 1) 
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model. In general, the three sets of DS^-branes have different gauge groups. However, if we 
impose an additional symmetry between the D5j-branes, e.g. Tr(7^ 5J = Tr(7^ 5^) = Tr(7^ 5^) 
for odd k without fixed planes, then there is a unique solution. We display the 99 and 5j5j 



spectrum of these models in tables ^ and We determined also the 95j and 5j5j spec- 
trum of these models and verified that the complete spectrum is free of non-Abelian gauge 
anomalies. 



E2 X (ai, 02, as) = (-1, +1, -1), e = -1 


open string spectrum 


sector 


gauge group / matter fields 


99, 5252 
(susy) 


S0(4)i X f/(6)2 

3 (□1,02), 202, nJ2 


5i5i, 5353 
(non-susy) 


f/5p(4)i X f/(6)2 
Af =1 muh.: 3 (□1,52) 
spinors: Qi? '^dj2, 2^2, □□2, scalars: 2 □□2, 02 


95i, 5253 
(non-susy) 


spinors: (□1,02), (Ch^ni), (a, a) 
scalars: (□!,□!), (□2,02), (02,02) 


952, 535i (susy) 


(□1,02), (02,02), (a,^!) 


953, 5i52 
(non-susy) 


spinors: (□1,02), (□2,02), {D2,ni) 
scalars: (□!,□!), (□2,02), (□2,02) 


closed string spectrum 


sector 


A/" = 1 multiplets 


untw. 


gravity, 1 lin., 3 chir. 


order-two 


5 chir., 10 vec. 


remaining 


12 lin. 



Table 24: Spectrum of the Z2 x Zg orientifold with discrete torsion and (/X3,/xi) = (-1-1, -|-1). 



The notation is explained in the tables of section 4.1. 
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^2 X Zg, (ai, 02, «3) = (-1, -1, -1), e = 1 


open string spectrum 


sector 


gauge group / matter fields 


99 

(susy) 


S0{2)i X f/(3)2 X f/(3)3 X SO(2)4 

X50(2)5 X f/(3)6 X f/(3)7 X 50(2)8 

(□i,n2), (□i,n6), (□i,n7), (□2,n3), (□2,n5), (□2,06), 

f\ — 1 rn ^ fr^ 1 — 1 ^ f\ — 1 1 — 1 ^ f\ — 1 1 — 1 ^ /'rn rn ^ f\ — 1 1 — 1 ^ 

(.□2,D7j, [02,Us), [U3,U4), [U3,U5), (^□sjDtJ, (^DsjCIIsJ, 


(non-susy) 


f/(3)i X ?7(2)2 X f/(3)3 X f/(3)4 X t/(2)5 x f/(3)6 

7V=imult.: (□i,n2), (□i,n2), (□i,n3), (DbDs), (□i,n6), (02,03), 

(□2, 04), (02,05), (□3,n4), (03, 04), (03, De), (04, Ds), 
(□4, 05), (04, De), (05,0e), (Oq,Oi) 
spinors: adji, adje, Qg, Q^, 
scalars: □□2, ^3, □□5, 


95j, 5j5j 


many bifundamentals 


closed string spectrum 


sector 


A/" = 1 multiplets 


untw. 


gravity, 1 lin., 3 chir. 


order-two 


18 lin. 


remaining 


15 lin. 



Table 25: Spectrum of the Z2 x Zg orientifold without discrete torsion and (^3, fii) = 
(+1, +1). In general, the tadpole equations have many solutions for the ranks of the gauge 
group factors. The most symmetric one is shown. The notation is explained in the tables of 
section E?T. 
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Zs X (ai, as, "3) = (+1, +1,-1), e = 1 


open string spectrum 


sector 


gauge group / matter fields 


99, 5i5i, 5262 
(susy) 


t/(3)i X f/(2)2 X U{3)3 X t/(3)4 X f/(2)5 x U{3)e 

(□l,n2), (□l,n2), (□l,n4), (□l,n5), (02, Ds), (02, Ds), 

(□2,04), (□2,n6), (□3,n4), (□3,n5), (□3,n6), (a,^), 

(□4,n5), (□5,n6), (□5,n6), (□6,ni), Bv Bs' 04' Be 


(non-susy) 


USp{2)i X f/(3)2 X f/(3)3 X USp{2)^ 
xUSp{2)5 X [7(3)6 X f/(3)7 X f/5p(2)8 
Ar=lmult.: (□i,^), (□i,n6), (□i,n7), (02, Da), (02, Ds), (□2,06), 

(□2,07), (□2,08), (□3,04), (□3,n5), (□3,n7), (□3,08), 

(□4,n6), (□4,07), (□5,n6), (□6,03), (□6,n7), (□7,08) 

spinors: Q^, adj2, adj^, B4' Bs' ^^^6, adjr, gg 


95 j, 5j5j 


many bifundamentals 


closed string spectrum 


sector 


A/" = 1 multiplets 


untw. 


gravity, 1 lin., 3 chir. 


order-two 


6 lin., 12 chir. 


remaining 


15 lin. 



Table 26: Spectrum of the Z2 x Zg orientifold without discrete torsion and (yU3,/ii) = 
(+1, —1). In general, the tadpole equations have many solutions for the ranks of the gauge 
group factors. The most symmetric one is shown. The notation is explained in the tables of 
section E?l. 
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4.6 Ze X Ze, ^ = ^(1, -1, 0), w = i(0, 1, -1) 

This orientifold is symmetric under a permutation of the three sets of Z^Sj-branes. Thus, 
only four of the eight possible Ze x models are inequivalent. The (+1, +1, +1) model has 
already been constructed in 0. 

The only non-trivial tadpole conditions for the models with discrete torsion are (|3.19| ), 



( p.23| ) and (p.21|) , corresponding to the untwisted sector, the the three sectors twisted by 



ki = (0,2), k2 = (2,2), fcg = (2,0) and the (2,4) sector respectively.^ The untwisted 
tadpoles fix the rank of the gauge group to be 8 for each of the four sectors 99, SjSj. The 
tadpole conditions of the ki and (2, 4) sectors read 



Tr(7fc„9) = Tr(7fc^_5j = -Tr(7fc^^5^) = - Ti{rk„5,) = -«i e 



-fci,ifci,2/4 . 



Tr(7(2,4),9) = - Tr(7(2,4),5i) = - Tr(7(2,4),52) = Tr(7(2,4),53) = «3 4, (4.7) 

where ki^i, ki^2 are the components of the two-vector ki and (ijk) is a permutation of (123). 
We assumed that all D5j-branes are at the origin. The sign g-'^'.i'^'.a/^ jg for the (2,2) 
sector in the models with discrete torsion and +1 else. In the case without discrete torsion, 
these equations are still valid. But in addition, one has to take into account the tadpole 
conditions for all the remaining twisted sectors. The tadpole equations can be solved with a 
computer algebra program. The complete spectrum of the two models with discrete torsion 



is displayed in tables ^ and gg. For the two models without discrete torsion, we restrict 
ourselves to give the 99 and 5j5j spectrum in tables |2^ - |3^. We determined also the 95j 
and 5j5j spectrum of these models and verified that the complete spectrum is free of non- 
Abelian gauge anomalies. In the case without discrete torsion, the tadpole equations have 
many solutions. However, if we impose an additional symmetry between the D5j-branes, 
e.g. Tr(7g5j = Tr^'jj^^^^) = Tii^'yi^^^) for odd k without fixed planes, then there is a unique 
solution. The ranks of the gauge group factors for this solution are as follows: 

[ni,n2,...,n2o] = [2,1,1,2,1,0,1,1,0,1,1,1,0,1,1,0,2,1,1,2] 

[mi, 7712,..., mis] = [1,1,0,1,1,0,2,1,1,2,1,1,1,0,1,1,0,1] (4.8) 



5 Conclusions 

We have constructed a large number of compact Zat x Za/ orientifold models, with A^, M 

even. These models are labelled by three signs: the vector structure associated to the two 

""^^In contrast to the notation used in the rest of this paper, the three twists ki defined in this paragraph 
are not of order two. 
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Ze X Ze, («!, ^2, as) = (+1, +1, +1), e = -1 


open string spectrum 


sector 


gauge group / matter fields 


99, 5j5j 
(susy) 


[/(2)i X f/(2)2 X f/(2)3 X USp{4)^ 
(□1,04), (02, Di), (□2,03), (□2,04), (□3,ni), (□3,n4) 
Bi' B2' Ba 


95i, SaSg (susy) 


(□1,04), (□i,ni), (□2,03), (□3,02), (04, Di) 


952, 535i (susy) 


(□i,n3), (□2,04), (□2,02), (03, Di), (□4,02) 


953, 5i52 (susy) 


(□i,n2), (02, Hi), (□3,04), (03,03), (□4,03) 


closed string spectrum 


sector 


Af = I multiplets 


untw. 


gravity, 1 lin., 3 cliir. 


order-two 


3 chir. 


remaining 


36 lin., 12 chir. 



Table 27: Spectrum of the Ze x Zq orientifold with discrete torsion and (/i3,/xi) = (—1, — 1). 
The notation is explained in the tables of section H?T. 
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^6 X ^6, ("1, "2, as) = (-1, +1,-1), e = -1 


open string spectrum 


sector 


gauge group / matter fields 


99, 5252 
(susy) 


50(4)i X [7(2)2 X f/(2)3 X f/(2)4 
(□1,02), (DbDs), (□1,04), (□2,04), (□3,02), (□3,04) 

B2' Bs' 


5i5i, 5353 
(non-susy) 


USp{4)i X f/(2)2 X f/(2)3 X f/(2)4 
A/" = 1 mult.: identical to bifundamentals of 99 
spinors: g^, adj2, adjs, adji, gg, m4 
scalars: ^2, □□3, B4 


95i, 5253 
(non-susy) 


spinors: (□1,03), (02,04), (□3,n3), (□3,01), (04,02) 
scalars: (02,03), (02,04), (03,04), (03,02), (04,03), (04,02) 


952, 535i (susy) 


(01,04), (02,03), (03,02), (04,04), (04,0l) 


953, 5i52 
(non-susy) 


spinors: (Oi,D2), (02,02), (D2,Oi), (03,04), (04,03) 
scalars: (02,04), (02,03), (03,02), (03,04), (04,02), (04,03) 


closed string spectrum 


sector 


M = 1 multiplets 


untw. 


gravity, 1 lin., 3 cliir. 


order-two 


1 cliir., 2 vec. 


remaining 


36 lin., 12 chir. 



Table 28: Spectrum of the Zg x Zg orientifold with discrete torsion and (/i3,/ii 



:+i,+i) 



The notation is explained in the tables of section WA_ 
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X ^6, ("1, 


"2,03) = (- 


-1,-1,- 


1), e = l 


open string spectrum 




gauge group / matter fields 


QQ 


SOini) X 


U{n2) X Uin^) X SO^) x Uin^) 






X U{nr) X 


U{ns) X 


U{ng) X f/(nio) 




xU{nu) 


X U{ni2) X 


U{ni3) X 


U{nu) X U{ni5) 




xU{ni5) X 


SO{nn) X 


U{nis) X 


U{nig) X 50(^20) 


(susy) 


(□i,n2), (□i,n5 


), (□i,nio), 


(□2,n6), 


(□2,09), (□2,nio), 




(□3, 02), (□3,n4), (□a,^?), 


(□3,n8), 


(□3,n9), (□4,n7), 




(□4,n8), (□5,n2 


), (□5,nio), 


(□5,nii) 


, (□6,n3), (□6,n5), 




(□6, □12), (01,06 


), (□r.Dis) 


(□s.n?), 


(□8,ni4), (□9,n8), 




(□9,ni5), (nicng), 


(□io,ni5), 


(□11, De), 


(□11, □15), (□ii,ni7), 




(□ii,ni8), (□i2,n7) 


(□i2,nii), 


(□i2,ni7 


), (□i2,ni8), (□i3,n8), 




(□13, □12), (□i3,ni9) 


, (□i4,n9), 


(□14, □13) 


, (014, 020), (015, Dio), 




(□15, Du), (□l5,ni9) 


, (□l5,n20) 


(□15, Ds) 


, (015, Dis), (015, 018 ), 




(□15, Dig), (□i7,ni8) 


, (□i8,ni3) 


(□19, Dm 


), (Dig, Bis), (Big, 020) 



Table 29: Spectrum of the Zg x Zg orientifold without discrete torsion and (/i3,/ii) = 
(+1,+1). The numbers are determined by solving the tadpole equations. There are 
many solutions. The most symmetric one is given in the main text, eq. ( |4.8| ). In general, 
several of the rii vanish because the total rank of the 99 gauge group must be 16. 
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Ze X Ze, (ai, 0L2, as) = (-1, -1, -1), e = 1 


open string spectrum 


sector 


gauge group / matter fields 




U{mi) X U{m2) X [/(ma) x U{mi) x U{m^) x U{mQ) 
xU{m.7) X [/(mg) X U{mg) x C/(mio) x [/(mn) x (/{mu) 
xU{mi3) X U{mu) x [/(mis) x [/(mie) x [/(mir) x [/(mig) 


(non-susy) 


7\^=lmult.: (ni.ne), (□i.De), (□i.D?), (□2,01), (□2,05), (□2,06), 
(□2,08), (□3,02), (□3,04), (□3,n5), (□3,09), (04, 03), 

(□4,nio), (DsA), (□5,nii), (□6,n5), (□6,ni2), (□7,02), 
(□7,012), (□7,ni3), (□8,03), (08,07), (□8,ni4), (□9,04), 

(□9,08), (□9,015), (nicDs), (nicDQ), (□l0,ni6), (□ll,n6), 

(□ii,nio), (□ii,ni7), (012, Di), (012, Du), (012, Dis), (013, 08), 
(□13, Dm), (013, 018), (DM.ng), (□i4,ni3), (□i4,ni8), (015, Dio), 

(□15, Dm), (□i5,ni7), (□i5,ni8), (□i6,nii), (□i6,ni5), (Die, 017), 
(□17,012), (□i7,ni6), (□i8,n7), (□i8,ni7) 

spinors: adji, adjis, Bp B4, B13, 
scalar s: Si, S4, IHIlis, IHIlie 


95j, SjSj 


many bifundamentals 


closed string spectrum 


sector 


M —1 multiplets 


untw. 


gravity, 1 lin., 3 chir. 


order-two 


12 lin. 


remaining 


54 lin., 15 chir. 



Table 30: Spectrum of the Ze x orientifold without discrete torsion and (/X3,//i) = 
(-1-1,-1-1). (continued) 
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Ze X Ze, (ai, ^2, 03) = (+1, +1,-1), e = 1 


open string spectrum 


sector 


gauge group / matter fields 


99, 5i5i, 5252 
(susy) 


U{mi) X 1/(1712) X U{m3) x ?7(m4) x U{m^) x U{m^) 
xU{mj) X U{ms) x U{mg) x f/(mio) x ?7(mii) x U{mi2) 
xf/(mi3) X f^("^i4) X U{mi^) x U{miQ) x Uirrin) x U{mis) 
(□i,n6), (□i,n6), (□i,^?), (02, Di), (□2,05), (02, He), 
(□2,n8), (□3,n2), (□3,04), (03, Ds), (□3,n9), (□4,n3), 
(□4,nio), (□5,04), (□5,nii), (□6,n5), (□6,ni2), (□7,n2), 
(□7, 012), (□7,ni3), (□8,03), (□s,^?), (□8,ni4), (□9,04), 

(□9,n8), (□9,ni5), (DicDs), (DicDg), (DicDie), (□ii,n6), 

(□ii,nio), (□ii,ni7), (□12, Di), (012, Dii), (012, □18), (013, Ds), 

(□13, Du), (013, □18), (014, Dg), (014, 013), (014, Dis), (□i5,nio), 

(□15, Dm), (□i5,ni7), (Bis, Bis), (□i6,nii), (Die, Bis), (□i6,ni7), 

(□17, 012), (017, Die), (□l8,n7), (□l8,ni7). Bp 04' Bl3' B16 



Table 31: Spectrum of the Zg x Zg orientifold without discrete torsion and (/i3,/ii) = 
(+1,-1). The numbers rrii are determined by solving the tadpole equations. There are 
many solutions. In general, the three sectors 99, 5i5i and 5252 have different gauge groups. 
The most symmetric solution is given in the main text, eq. (|4.8| ). In general, several of the 
rrii vanish because the total rank of the each of the 99 and 5j5j gauge groups must be 16. 
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Ze X Ze, (ai, q;2, as) = (+1, +1, -1), e = 1 


open string spectrum 


sector 


gauge group / matter fields 




USp{ni) X U{n2) x [/(ns) x USp{n4) x [/(ns) 
xU{nQ) X [/(nr) x [/(ng) x [/(ng) x C/(nio) 
xC/(nii) X U{ni2) x [/(riis) x [/(n^) x [/(riis) 

xC/(ni6) X USpinn) x [/(nis) x [/(nig) x USp{n2o) 


(non-susy) 


A/'=lmult.: (ni.a), (DbDs), (abnio), (02, De), (□2,n9), (□2,nio), 

(□3, □2), ps,nk), (□3,n7), (□3,n8), (□3,n9), (□4,n7), 
(□4,n8), (□5,n2), (□5,nio), (□5,nii), (□6,n3), (□6,n5), 
(□6,ni2), (07, De), (□7,ni3), (□8,n7), (□8,ni4), (□9,n8), 
(□9,ni5), (nicDg), (nicDie), (□ii,n6), (□ii,ni6), (□ii,ni7), 
(□ii,ni8), (012, 07), (012, Dii), (□12, 017), (012, Dis), (□i3,n8), 

(□13, □12), (013, Dig), (□i4,n9), (Dm, □13), (Dm, 020), (□i5,nio), 

(□15, Dm), (□l5,ni9), (□l5,n2o), (□l6,n5), (□l6,ni5), (□l6,ni8), 

(□i6,ni9), (017, Dis), (□i8,ni3), (Dig, Dm), (Dig, 018 ), (Big, 020) 
spinors: g^, adjs, adjs, Q^, arfjg, . . . , arfjig, g^^, arfjig, adjig, 


95j, SjSj 


many bifundamentals 


closed string spectrum 


sector 


M —1 multiplets 


untw. 


gravity, 1 lin., 3 chir. 


order-two 


4 lin., 8 chir. 


remaining 


54 lin., 15 chir. 



Table 32: Spectrum of the Ze x orientifold without discrete torsion and (/X3,//i) = 
(+1,-1). (continued) 
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generators of the orbifold group and the discrete torsion, i.e. eight models for each Zat x ^a/- 

Some of these models can be supersymmetric, i.e. only D-branes need to be added in 
order to cancel the tadpoles. All supersymmetric models have discrete torsion and no vector 
structure in both generators of the orbifold group. These models are the Z2 x Z2, x Ze, 
Z2 X U^, Ze X Zfi. 

We have extended the list of consistent orientifolds adding some models that need an- 
tibranes to cancel the RR tadpoles, along the lines of 0] . For most of these models there is 
at least one solution. However in one of the Z2 x Z4 models and in one of the Z4 x Z4 models 
without Wilson lines, there is an incompatibility between the twisted tadpoles related to 
different fixed points. 
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Appendix 



A How to obtain the Hodge numbers of orbifolds with 
and without discrete torsion 

In this section, we explain how to compute the Hodge numbers of compact orbifold spaces 
T^/r, where the six-torus is of the form C'^/A and T is an Abehan finite group. The 
Hodge number h^''^ is defined as the number of independent harmonic (p, g)-forms that can 
be defined on this space. 

An element € F acts on the three complex coordinates of C^/A as 

g: {z^,Z2,Z3) (e2"™^'^i,e2"™^'^2,e2™^''23), with < < 1. (A.l) 
We will be interested in the separate contributions of each twisted sector to /i^''^: 

h''' = Kit. + E K''- (A-2) 
9er\{e} 

The contribution of the untwisted sector is just the number of F-invariant harmonic (p, g)- 
forms that can be defined on T^. The forms on are generated by 

1 

dzidzjdzk dzidzjdzk dzidzjdzk dzidzjdzk 

The contributions of the twisted sectors are due to the singularities of the orbifold which 
arise because has fixed points or fixed planes under the action of the elements of F. We 
split the twisted sectors into two sets: 

a) Sectors twisted by g, where g is a group element that only has fixed points, but no 
fixed planes. This sector only contributes to h^'^ or /i^'^. If X]f=i ^i*"* = then |^5|, ^| 



= ^\T.P9,hX{9,h), hf = 0, (A.3) 
' her 



where |F| is the number of elements of the discrete group, Pg^h is the discrete torsion phase 
and x{9, h) is the Euler characteristic of the subspace (i.e. the set of fixed points) left simulta- 
neously fixed by g and h. In our case, x{9y h) is the number of points that are simultaneously 
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fixed by g and h. If J2^=iVg^^ = 2, tlien tliis sector contributes tfie same value, but to /i^'^, 
and hl'^ = 0. 

Tfie sector twisted by g^^ gives tlie same contribution to /i^'^ as tlie (7-twisted sector to 
h^'^ and vice versa: 

= hl'\ hit = hf. (A.4) 

b) Sectors twisted by g, wliere g is a. group element tliat lias fixed planes. This sector 
gives a contribution to /i^'^, /i^'^, /i^'^ and h?''^ of the following form |3^, 



her 



= T^^T.P9,hX{9,h)e'-'^'^^^\ (A.5) 
I-*- I her 



her 

where Vh{g) = vf' if the i^^ plane is fixed by g, and x{9^h) is the Euler characteristic of 
the subspace that is simultaneously fixed under g and h and that is contained in the two 
internal complex planes which are not fixed under g (see for a proper definition). The 
phase that appears in the formulae for hf and hf corresponds to the phase acquired by 
the forms dzi and dzi (defined on the plane that is fixed by g) under a twist by h. Note that 
in the case with discrete torsion the contributions to the Hodge numbers /i^'^ and /i^'^ can 
be different. But one always has: hf + hf^ = hf + hfi. 

To illustrate this method, let us analyse the Z2 x Z4 orbifold. From the untwisted sector, 
one has the universal contribution (i.e. present in any orbifold): h^'^ = h^'^ = h^'^ = h^'^ = 1. 
The contribution of each sector to h^'^, /i^'^, h^'"^ and /i^'^ in the cases with and without 
discrete torsion is shown in table 1331. 



B Closed string spectrum from shifts 

In this appendix we shall confirm the result on the closed string spectrum of type IIB and 



type I orbifolds that was obtained by analysing the cohomology as described in section 
Let us consider the RR part of the spectrum. 

We divide the twisted sectors into two sets: 

a) Sectors without fixed tori: 
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Z2 X Z4 




e = 


= 1 






e = 


-1 




a 


fixed plane 


g 


9 


9 


9 


9 




9 


9 


yv, u J 


nil 

aii 


Q 


Q 


1 


1 


Q 



Q 


1 


1 


(0,1) 






A 












A 


(0,2) 




10 


10 


— 


— 


10 


10 








1 St 

1 


4 


4 


— 


— 






4 


4 




ord 





1 9 














(1, 1) 
(1,2) 


2nd 


12 


16 
12 






4 


4 






(1,3) 




16 
















total 




61 


61 


1 


1 


21 


21 


9 


9 



Table 33: Hodge numbers of the Z2 x Z4 orbifold with and without discrete torsion. 



Let V = (0,fi,f2,f3) be the shift vector corresponding to this sector, with < f j < 1 . 
The vacuum energy corresponding to this sector is 

1 



En 



E^^(i 



(B.l) 



The RR states are characterised by 5*0(8) weight vectors of the form r = (±|, ±1, ±1, ±|), 
with an odd number of minus signs because of the GSO projection. The mass of a state 
characterised by the weight vector is given by 



jry + vy 1 

2 2 °' 



(B.2) 



There is only one massless state (having imposed the GSO projection): 



^2' 2' 



1 
"2' 



X 



In type JIB string theory, there is only one RR state in this sector Ty^L^r^^ji, with helicity 
0. This is a scalar or its dual 2-form. From the sector with shift — f , one 



v,L 



v,R 



obtains another solution: r_„ = (— |, +|, +|, +|). This gives another scalar (or a 2-form). 
The degeneracy of these states can be obtained from the partition function, as explained in 



| 35| , pT| . For the total number of states, one finds: 

2 



iri 



(B.3) 



her 



where it is understood that we only sum over half the shifts to get the total number of scalars 
(because we combined v and —v). This corresponds to the hl'^ scalars and 2-forms (see the 
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formula ([A.3|) for the Hodge numbers /i^'^) coming from the reduction of the RR 2- form and 
4-form. Adding the scalars from the NSNS sector and the corresponding fermions, we obtain 
hl'^ M = 2 tensor muhiplets, as predicted by the cohomology computation. 

In type I string theory, there is an Vt projection that exchanges left-movers and right- 
movers. It acts together with a J operation that exchanges v and —v. As we are in the RR 
sector, we must take the antisymmetric combinations: t^^l ® r^^R — t^^^l ® Only a 

scalar (or a 2-form) remains. The degeneracy is again /ij'^, i.e. half the value of ( p.3|) , and 
coincides with the result from the cohomology computation. Together with the NSNS and 
fermionic states, one finds h];^ M = 1 linear multiplets. 

b) Sectors with a fixed torus: 

Let V = (0, 0, V2, fs) be the shift corresponding to this sector, with < f j < 1 . The first 
torus is fixed. 

There are two massless states: r+ = (|, — |, |) and r_ = (— ^,^,|,^)- (The GSO 
projection has been imposed.) 

In type IIB string theory, there are four RR states in this sector: 



• 




-,L 




-,R 


with helicity: 


X = 




^0 
^R 


= 0, 


• 


r_ 


-,L 


r_ 


-,R 


with helicity: 


X = 




~ ^R 


= 0, 


• 




-,L 


r_ 


-,R 


with helicity: 


X = 




^R 


= 1, 


• 


r_ 


-,L 


® r_, 


-,R 


with helicity: 


X = 


' L 


' R 


= -1 



This is a pair of scalars (or 2-forms) and a vector. The number of scalars is: 

2 

Usc^iiv) = T=r\Y.f^^^x{v,h). (B.4) 
I-*- I her 

This corresponds to the hl'^ scalars and 2-forms (see the formula ( |A.5| ) for the Hodge num- 
bers hg'^) coming from the reduction of the RR 2-forms and 4-forms, as predicted by the 
cohomology computation. The number of vectors is: 

nUv) = TLj2l3v,hXiv,h)e'''<'\ (B.5) 

where f is the first component of the shift vector corresponding to the twist h (in general 
one has to take v^^^ if the i^^ torus is fixed). These are hl''^ vectors from the reduction of the 
RR 4-form. 
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In type I string theory, one must distinguish between the sectors of order different from 
two and of order two. The latter are mapped onto themselves under J. For sectors that are 
not of order two, the sectors v and —v are combined under the J operation, leading to four 
linear combinations of type IIB RR states: 



• 






— r_\ rl 


-V 

-,R 


with helicity: 


X 




^0 _ 
' R — 


0, 


• 


r-,L 




- r^''^^ ® rl 


-V 

V,R 


with helicity: 


X 


— ^0 


' R — 


0, 


• 






- r^'^L ® r: 


-V 

-,R 


with helicity: 


X 


— rO 
— 


^R — 


1, 


• 






— tZ i ® r_ 


-V 

\-,R 


with helicity: 


X 


— 
— 


^R — 


-1 



Note that, because of the J operation, the pairing of states we have performed above is 
only possible if /ij'^ = h^'^. From ( [B.5| ), one finds that this is equivalent to the statement 
that the discrete torsion P^^^ only takes real values, i.e. P^^h = ±1- 

If the sector is of order two, then v is identical to —v. Of the four states that survive in 
the general case only one remains: 

• r"^ — rZ\ ® with helicity: X = f^L ~ ''^r — ^■ 

This corresponds to the /ij'^ scalars from the reduction of the RR 2-form. 

We see that the results from the shift formalism coincide with those obtained from the 
cohomology computation. 
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